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INTRODUCTION 


How to use this book 
The purpose of this book is to help you to be successful in your mathematics. 
The material is intended to be used for revision and practice of the work 
suitable for the General Certificate of Secondary Education (GCSE) 
examinations in mathematics. 

In each section of two or four pages you will find the work based around 
one main topic. Typically this will include: 


1 Brief notes on the main ideas, with the key words, in bold type, carefully 
explained. 

2 Several examples of typical questions followed by worked solutions. 

3 Carefully graded exercises covering the basic ideas and some longer 
questions which may require ideas from several sections. АП the answers 
are given at the back of the book. 


The intention is that you work through a complete section at one time, 
jotting down important words, facts, formulae and methods, working 
through the examples and trying the sample questions. It is not enough to 
merely read the material—mathematics can only be understood by doing it. 


Which paper should I choose? 


All systems of GCSE mathematics examinations are in three levels, aimed at 
candidates who are likely to obtain grades as follows: 


Intended for candidates Syllabus content 
Level likely to obtain grade: (see p. xi) 
Basic, foundation E FG List 1 
Middle, intermediate c DE Lists 1 and 2 
Higher, extended ABC Lists 1, 2 and 
further topics 


It is important that you enter for the correct level for your ability. You 
Should take the advice of your teachers. You may be tempted to enter for a 
higher level than advised. If you do, you will probably obtain a worse result 

“cause the work will be unsuitable for you. 

The contents of the lower and middle level syllabuses are more or less fixed 
Юн the National Criteria for mathematics, shown on pages xi-xiii. For the 
цэс level, the syllabus content may vary between the five Examining 
Уныг, and the table on pages xii-xiii shows which topics have been included 

Your syllabus. Examples and questions marked in this book with an 


Introduction viii 


asterisk (*) are usually aimed at the higher level and so may be omitted by 
those aiming for the middle or lower levels. 


This book covers all three levels and all syllabuses, and so you may not need 
some of the material in the book since it is not present in your syllabus. You 
must find out the syllabus details of your particular examination and select 
the correct material from this book. 
Make sure that you: 
- take note of your teachers' advice and enter for the correct level for you; 
- are familiar with the syllabus details for your level; 

know thoroughly the basic facts required so that you feel confident; 


practise many questions: the only way to understand and master 
mathematics is by actually doing it; 


really get to know your calculator by regular practice so that you can use it 
automatically; 


select the correct parts of this book to work through; 


revise in a sensible way according to a programme: do not leave things to 
the last minute or you will not get it done and panic. 


How do I tackle the examination itself? 


Rules 
Question papers may differ in their rules (rubric). For example: 


Answer all 


5 questions from Section А and three questions from Section B. 
Write your 


i answers in the spaces provided. 

Write your answers on lined paper unless instructed otherwise. 

жүрме RUE 4 оп squared paper and attach securely at the back of your answer 
et. 


Make sure that you know a 
before the day of the exami 


nd understand the rules for your question papers 
carefully reading the rubr 


ination. On the day, remind yourself of the rules by 
іс printed on the examination paper. 


Answering questions 
Read each question carefull 
required. When you think yo 
that you have answered all 

Set out your work inan 


у, making sure that you understand what is 


u have finished a question, read it again to check 
the question. 
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Always check your answers- by working backwards from them or by 
Putting the values obtained into the original problem or equation where 
Possible. Look at the answers you have written down and ask yourself 
whether they are sensible. If you spot a silly answer, check again and correct 
the error. If you get stuck ona question, move on to another and return to the 
question later. You may well find that the correct route through to the 
Solution is clearer after concentrating on something different. 


Calculators 

Many examination papers will expect the confident use of a calculator. 
Practise regularly beforehand with the calculator which you plan to use in 
the examination, so that you know what functions it can perform. Make sure 
you have some spare batteries! 

Many candidates leave out the explanation when using a calculator. If you 
Only write down a numerical answer after a long calculation and it is wrong, 
you can get no credit. But if you have shown all the method and clearly laid 
Out all the steps made, you may well get most of the marks even if there is а 
mistake in the answer. А 

Calculators often give a large number of figures in an answer. Round this 
answer off to the number of figures asked for, or to a sensible number of 
figures (usually the same number of significant figures as given in the original 
information), As a check, it is worth doing the calculation roughly with just 
One-figure accuracy to see if the answer is about right. 


aus, don't exhaust yourself with too much revision just before the day of 
а ° examination, Make sure that you get plenty of sleep so you are fresh, alert 
nd ready to give your best on the day of the examination. 


What will the coursework involve? | | : 

in ad, of the things to be assessed in GCSE mathematics are not easily ее 

Cour; nal written examination paper. They will therefore be tested y emi 

of eee representing up to thirty per cent of your final marks. Ехатр: 
abilities which need to be tested this way аге: 


oral Work and mental work; 
Practica] work; 

extended pieces of work; 
Broup work; 

investigational work. 


ан ончо will include a mixture of these acmis 
your qu to the familiar written paper. The work wi 
o b Cher, who makes the assessment, so it is not о Он 
What. yourself. However, the following notes may help y 
your teacher will be looking for. 


and will be a different 

be done in class with 
thing you сап easily 
derstand 
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Oral and mental work 


Here you will talk about your mathematics, discussing ideas with your Mun 
and fellow students, and carry out mental calculations. This may help you to 
use your mathematical skills in everyday life. Be prepared to talk mathe- 


matics: you may well find it easier than writing down the same work, and it 
will help you to sort out your ideas. 


Practical work 


This involves using apparatus, weighing, measuring, constructing models and 
manipulating mathematical shapes. In order to solve a typical problem you 
might have to read a scale, measure several lengths or angles, make drawings, 
cut and fold paper or card, look up information or organise results in a table. 
You can help yourself here by looking for everyday activities which can be 


dealt with mathematically. Decision-making can often be clarified by a 
mathematical approach to the problem. 


Extended pieces of work 


А topic is developed over a period of time, at least one week. It will involve 
some of the previous activities, discussion, practical work and investigation. 
Your results may be presented in Several ways: a poster, a cassette tape 
explaining what you discovered, or a model, say. 


Group work 
In an activity, 
group with y: 
share out th 


you may be working on your own or you may need to work ina 
our friends. You must learn how to work together and how to 
€ work so that the result is achieved quickly and efficiently. 


Investigations 
Inan investigation, you are not told what to do in detail but are given (or you 
choose) some idea which can be develo; 


т рей mathematically. 
How do you go about this? Here are some tips to remember. 


т-нун. a trying m various possibilities, list them in order of 
casing complication ап carefully record t 3 le of 
results will often be useful. y td what you are doing. A tab 


j epr You will need to change the problem into 
mathematics - this is called Choosing a mathematical model. You may need to 
experiment to find a model which takes all Possibilities into account. Try to 
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o ote io simplify your mode! and then sce What this елеме у 
Look for a pattern. Your examples using small numbers may suggest a 
pattern which can be extended to more complicated cases. Pattern and 
Structure are most important in mathematics. Often your problem can be 
solved by recognising a familiar pattern which comes from the solution to 
another problem. Applying this knowledge to your problem may help 
towards a solution. 


Find a rule and then check it. The pattern may help you find a rule which 
can then be applied generally. Check it fits all the simple cases and then apply 
your rule to the more difficult cases and see if it still works. 


Change the problem to extend the idea. You have solved the original 
problem. The next thing that a mathematician does is to say: "What if... ?' 
Try some variations or new conditions and see if you can extend the results, 


And finally, enjoy yourself. Mathematical investigation is great fun. 


Syllabus Comparison: Topics given by Lists 1 and 2 


LIST 1- Basic level 

Whole number, factors, multiples 

Idea of square root 

Directed numbers in practice 

4 rules for decimals, percentages 

Add and subtract fractions 

Equivalence of fractions, decimals 
and percentages 

Percentage of a sum of money 

Use of an electronic calculator, 
Checks of accuracy 

Estimation, reasonable approxima- 
tion and rounding 

Metric and common units of 
measurement 

Personal and household finance, 
business transactions 

Tables, charts, clocks, dials, scales, 
maps, plans 

Ratio, direct/inverse proportion, 
measures of rate 


Cartesian coordinates and graphs 

Measure length/angle. Point, line, 
angle. Angles at a point 

Symmetry and angle properties оГ 
triangles and quadrilaterals 

Perimeter of rectangle, triangle 

Circumference of circle 

Area of rectangle, triangle 

Simple solid figures, nets 

Volume of cuboid 

Use of geometrical instruments, 
scale drawings, bearings 

Similarity and enlargement 

Symmetry, reflections, rotations 

Generalised numbers, substitution 

Use of statistics in the media 

Data collection, tables, graph, pie- 
chart, barchart, pictogram 

Averages, mean, mode 

Probabilities, single events 


LIST 2- Middle level 

Common factors, common 
multiples 

Square roots 

Real numbers, standard form 

4 rules for fractions, directed 
numbers 

Conversion between fractions, deci- 
mals and percentages 

Percentage/fraction of one quantity 
of another, percentage change 

Approximate to n significant fig- 
ures or decimal places 

Appropriate limits of accuracy 

Interest, appreciation and 
depreciation 

Proportional division 

Angles within parallel lines 

Symmetry and angle properties of 
polygons 

Circles, tangent-radius property, 
angle in semicircle 

Area of parallelogram, circle 

Volume of cylinder 


Note: The five GCSE Exa 
LEAG 


MEG 
NEA 
SEG 
WJEC 


Midland Examining Group 


Southern Examining Group 
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Constructions using simple locus 
properties : 
Pythagoras and 3 trigonometrical 
ratios in 2-dimensional problems 

Congruence. Recognition of con- 
gruent figures 

Algebraic formulae, expansions, 
factorisation, transforming 
formulae 

Positive and negative integral 
indices 

Function given by a formula, a 
table of values, a graph 

Solution of equations by graphical 
and numerical methods 

Simple linear equations in 1 
unknown 

Idea of gradient 

Construct piecharts and barcharts 

Discrete data, frequency distri- 
butions, means, mode, median 

Equal interval histogram 

Simple combined probabilities 


mining Boards are: 
London and East Anglian Group 


Northern Examining Association 


хас Welsh Joint Education Committee 
y'labus topics are also specified by the SMP (Schools Mathematics Project). 


The table on page xiii Shows the mo: 


Specified by each of the five boards. 


St common topics not in lists 1 and 2, as 
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The number code shows the level at which the 
Examining Board includes the topic. 
1 — Basic, 2 — Middle, 3 — Higher level. 


Q»mt 


оте 
>т?2 


Ото 


ео 


Е НИҢӘ 


Use of sets and Venn diagrams 
Use of set notation and symbols 
Simple number patterns or sequences 
Harder angle properties of circles 
Length of circular arc, area of circular sector 
Surface area of cylinder, cone, sphere, prism 
Area of trapezium, volume of prism 
Volume of pyramid, cone, sphere 
Harder geometrical constructions 
Pythagoras and trig ratios in 3-dimensions 
Length, area and volume of similar figures 
Enlargements with negative scale factor 
Data and method for checking congruence 
Translations, simple reflections and rotations 
General reflections and rotations 
Combined, inverse transformations 
Factorise quadratic, difference of 2 squares 
Fractional indices 
Notation f(x) for the image of x under f 
Transformation of harder formulae 
Functions: quadratic, cubic, а,/х, ax ^, а* 
Combined, composite and inverse functions 
Quadratic functions and quadratic equations 
Imultaneous linear equations in 2 unknowns 
тарһіса! solution of 2 equations, one linear 
ms as a measure of rate of change 
radient of ua v edd Ч Iculation 
nterpret tangent, by drawing and calcula 
du and estimate area under a graph à 
es Ў Set of linear inequality in one variable 
ectors AN in 2 variables 
5 ls addition, product by scalar 
se of Ms unit vectors | 
irix oe to investigate simple shapes 
atrix a айна of data, route matrix 
rouped Б га, transformation matrices in 2D 
umulative Т; frequency tables, mode, median 
easures of Tequency diagram, mean, median 
Tobabilities Spread, interquartile range 
associated with AND, OR 
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NUMBER 
1.1 Whole Numbers 1 


Factors 
A whole number is a non-zero natural number, so the set of whole numbers is 
DLE X 


À factor is a whole number which divides into the given number: 
12+3=4 or 12-3х4 so 3and 4 are factors of 12. 

The set of factors of 18 is { 1, 2, 3,6, 9, 18}. 

Clearly 1 and the number itself will always be factors of any number. 


Prime numbers р 
A whole number which has only 2 factors, namely 1 and itself, is prime. 
2, 3, 5, 7, 11 are the first 5 prime numbers (1 is not prime by definition). 


Rectangle and square numbers ; 
Every whole number which is not prime is a rectangle number and this means 


that it has at least one pair of factors other than 1 and itself. 
28 7 


28—4x7 so 28 is a rectangle number р 
4: 


29-29х1 is prime 

If a rectangle number can be written as the product of two identical factors, 
like 36 — 6 x 6, then the number is a square number as well. 

1-1х1, 4-2х2, 9-3х3 by 4.. 9... 

аге the first 3 square numbers. I 


Factorisation б 
Every rectangle number сап be factorised, or decomposed into a product of 


prime factors as follows: 


30-2х15 455 = 5х91 54-6х9 
-2х3х5 -5х7х13 -2х3х3х3 
22x3? 


We use power notation to simplify the final factorised form. 


Multiples 
А multiple of a whole number is found by multiplying by any whole number: 
7Х3-21 and 7x4=28 во 21 апа 28 are multiples of 7 

^ number is, by definition, a multiple of itself, 7=7x 1. 

The set of multiples of 5 less than 30 is ( 5, 10, 15, 20, 25 }. | 

Any set of numbers has a lowest common multiple (LCM) and a highest 


common factor (НСЕ). 


Example Find the HCF and the LCM of the numbers 12 and 42. 


Whole Numbers 2 


Factorise 12 and 42 into prime factors. 12 = 2? x 3, 42 = 2x 3x 7. 
The HCF is 2 x 3 = 6 (using the intersection of the sets of factors). 
Write down the first few multiples of 12 and 42. 
12,24,36,48,60,72,84,...) — (42,84,126,...) 

The LCM is the least member of the intersection of these sets 84. 


i ite down: 
Example Given the set S, where S — (27,35, 36, 42, 58, 65), wri ; 
(a) the prime number, (b) thesquarenumber, (с) the highest common facto 
of the two even numbers, (4) the set of factors of the largest number. 
(a) 59 is the prime number. 
(b) 36 ( = 6 x 6) is the square number. 


() 36-2х18-2х2х9-2х2х3х3, 42-2х21-2х3х7, so the 
HCF is 2x3=6. 


(d) 65 = 5x13, so the set of factors of 65 is (1,5, 13, 65). 


Number patterns 
Some ordered sets of numbers make int. 
Odd numbers 135 
Even numbers 246 8 10 12 14 
Square numbers 1 4 9 16 25 36 49 
Prime numbers 25359 T IL 19 47 
1 
t 


eresting patterns: 
1-29 It i3 


Triangle numbers 3 6 10 15 21 28 


riangle patterns of dots 
Fibonnacci sequence 1 1 2 3 5 SB 13 each 


term is the sum of the preceding two terms. 


SAMPLE QUESTIONS 
Find the set of factors of (a) 24, 
Expand by multiplication (a) 22 


Express as a product of prime factors (а) 48, (b)80, (с) 120. 
F of (a) 25 and 35, (5)32 and 48 and 56. 
Find the square number i i 


AAW AR UO t-— 
d 
в 
a 
EN 
E 
о 
125 
о 
к 
ГЭ 
Б 
с. 
= 
13 


(a) 2481632, (b) 35 32 29 26 23, (с) 21 26 31 36 41, 
(d) 4 7 11 18 29, 


(е) 3 6 12 24 48, (f) 15 11 19 29, 
(g) 11 121 1331 14641, 


(һ) 9999 9210 8421 7632. 
8 Тһе number Sequence 1, 5,9, 13...29 has 8 terms. 
(a) How many terms are prime? (b) How many terms are square 
numbers? Find the: (с) LCM of the 3rdand 6th terms, (d) HCF of 
the 2nd and 7th terms. 
*9 


4 — (whole numbers between 10 and 20} (see p. 11). Тапа F are subsets of 
4, T = {multiples of 3), F = factors of 60}. Draw a Venn diagram 
showing &, T and F and the position of each member of these sets. Find: 
(a) TAF, (b) n (T ^ В), (c) the number of primes іп the set (T О Р)" 
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1.2 Decimals 1 


Decimal (base 10) numbers are written using a place value system based on 
powers of ten. For example 2046.03 means two thousands (10?), four tens 
(101), six units (10°) and three hundredths (1072). 


к” TTh tens of thousands 
10* | 10? | 10? | 10* | 10° | 107* | 107? | 10 Th thousands 


TTh |Th H T NI h | th h hundreds 
2 0 4 6 i 0 3 T tens 
it 
t tenths h hundredths th thousandths U unite 


Addition and subtraction 
When decimals are added or subtracted without a calculator the correspond- 


ing place values must be aligned, in other words, the digits must be placed in 
their correct columns. 

Example Find (а) 43.72--5.6--27 (b) 36-19.24 

Write down the sum in columns, fill out with zeros and decimal points where 
necessary, and then add or subtract as usual. 


(a) T|U:t|h (b) 


Multiplying and dividing by powers of 10 


Example Find (a) 2046.03х10 (b) 3.14x1000 (с) 1040 +100000 


(4 ЭРЭР 5 HTU t h 
) Multiplication Ьу 10 will 4 6-0 3 


Th 
change 2000 into 20 000, 40 into 2 0 
400, 6 into 60, 0.03 into 0.3. The ў 2 2 f Fi 2 seit 
effect is to move every digit one 24214. 


lai i i i 
deseaba tongs — Note: the decimal point remains fixed. 


2046.03 x 10 — 20 460.3 Th TU tu 
(0) 1000 = 10 x 10 x 10 = 10? ЭРЭЭ 
and so multiplication by 1000 
will move every digit 3 places to x 1000 


the left. 3.14 x 1000 = 3140 
(an extra zero is inserted in the 
units column). 


Decimals 4 


(c) Division by a power of 10 in- 
volves moving the digits to the 
right. 100000 - 105 and so ТАН TU th th 
every digit moves five places to 1040 


the right. ' 
1040 + 100000 = 0.0104 SQ өнө 
(extra zeros are used to fill the гч 


units and tenths column, trai- 0:01 
ling zeros may be omitted). 


Note; When large numbers of digits are written it is normal to group them ІП 
3’s to make them easier to recognise. 56 million is written 56 000 000. 


Multiplication and division А 
When decimals аге to be multiplied ог divided without a calculator it is usua 
to calculate without the decimal points and adjust the answer afterwards. 
Example Calculate (а) 6.48x4.3 (b) 7.53 +0.03 


(a) 68х43 The arrows count the 


7.864 powers of ten, (x 100) 
мыз х(х10)-(х1000) 50 
the final answer must be 
divided by 1000. 
М 73855043 Both numbers have been multip- 
Ж / хш lied by 100 and so the answer will 
= 753 +3 be the same. 
= 251 
Rounding 


Numbers occurrin; 
fractions, decimals, percentag 


= 7326.7 (1DP) 
= 0.05 (2DP) 


Example Express the followin: i 
* 9 as decimal. ignificant 
figures (ЗР) and (Б) to З decimal places (3060 79 (а) to 3 significa 


Е (ЗОР): 
(0) 13/8 (ii) 3/11 (ій) 53% (ім) ,/50 ad 


5 Decimals 


(i) 13/8 means ‘13 divided by 8' and so may be found by division to be 
.. 1.625, finite decimal. Rounding gives 13/8 = 1.63 (3SF), 1.625 (3DP). 
(ii) Dividing 3 by 11 we find 3/11 = 0.272727... where the ‘27’ pattern 

„тесш infinitely. Rounding gives 3/11 = 0.273 (3SF and 3DP). 

(ii) 54% means ‘53 out of 1007 or ‘5.75 divided by 100’, so on division the 
decimal form is 0.0575 which is accurate to 3 significant figures already. 

_ To 3 decimal places 53% = 0.058. 

Чу) The square гоо! of 50 may be found by using tables, а calculator or 
by trial and error as shown in Section 1.6. Using a calculator, 
2/50 = 7.0710678 = 7.07 (3SF) and 7.071 (3DP). К 

6) Using tables or a calculator, a decimal approximation for pi is 3.14159 
Which may be rounded to 3.14 (3SF) and 3.142 (3DP). 


Standard form | 
hen very large or very small numbers are written, а standard form is used. 
he mean distance between the Sun and the Earth is 149 500 000 kilometres, 
accurate to 4 significant figures: 


149 500000 = 1.495 x 100000000 = 1.495 x 10°. 


The charge on an electron is 0.000 000 000 000 000 000 16 coulomb, accurate 
to 2 significant figures: 


0.000 000000 000 000000 16 = 1.6 + 10!? = 1.6 x 10777. 


Thestandard formis a x 10" where ais a number between 1 and 10 andnisthe 
Power of 10, known as the exponent. 


Calculation in standard form 

эн Чи les for manipulating decimals are used together with the rules for 
Combining powers (see page 16) and care must be taken about the placing of 
the decimal point. 


Exam, 


(a) p Ple Given p = 3.48 x104, q = 8.02 x106, r = 1.25 x 10 ? Calculate 


+4, (b) pq. (c) rg, (d) q?ir, giving the answers іп standard form. 
(à) To add or subtract standard form numbersalign digits of the same pao 
n (348 х 10°) + (8.02 x 10°) = 3480048 020000 = 8054 

ich can be written 8.0548 x 10° in standard form. 4 
SESS multiply or divide d form numbers separate the mantissa and 
exponent parts of the numbers and combine them separately. 
(3.48 x 104) x (8.02 х 106) = (3.48 х 8.02) х (10% х 109) 2 

= 27.9096 х 1019 = 2.79096 x 10 

(1.25 x 1073) x (8.02 x 10°) = (1.25 x 8.02) х (107? x 10 ). 
(a 10.025 х 10° = 1.0025 x 10" | 
) (802х 10°)? (125 х 1073)— (8022 + 1.25) х (10°)? +10 
= 51.456 32 x 10° 
= 5.145 632 x 10!5 


(c) 
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SAMPLE QUESTIONS 


1 


2 


ча 


15 


16 


*17 


Write in words the place value of the digit 4 in: 
(a) 24000, (b) 0.0453, (c) 347592000, (4) 0.372 584321. d 
Use the first result in each case to find the answers to the following 
questions: 

(а) 23 x 67 = 1541, 2.3 x 67 = ; (b) 589 x 396 = 233244, 

5.89 х 0.0396 = ; (с) 2403-27 = 89, 2403-27 = 


, 


49р, £10, 78p, 250. dét 
A football club buys an attacker costing £ 725000 and a defen d 
Per for £985 000. What is the fina 


How many payments of 
А cinema has 12 


А case of 24 cans of 


The attendances at a club over 4 weeks are 23452, 34 249, 17849 and 
29 450. Calculate the 


(а) /3 (b) /20 (c) ,/99 (d 0.7 (e) ,/1000 0.002 

Change the Хы Үз) уол fae а rounding to 
Where necessary, (а) 5/9, (b) 3/7, (c) 5/12, (4) 39/100. 

Express these Standard form numbers as decimals: 

(a) 5.639 x 10? (b) 2208 19-2 (c) 2.574 x 107 (d) 2467 х 1074 

Write the following numbers in standard form: 


(a) 0.00382 (5) 24956300 (c) 2003284964 (4) 0.000038 984 
Find the value of n in the following: 


(а) 673 = 6.73 x 10" (b) 0.000 563 — 5.63 x 10" 
(c) 3 million = 3 x 10" (d) n = 2387 x 105 

(е) 0.009 186 = n x 107?(f)17294 386 -пх107 
Calculate the following Without a ca 


The Speed of s X 10? ms-! see page 103. Find the 
time taken for an Observer to hear an explosion 3 kilometres away. 


NUMBER 
1.3 Fractions 1 


Parts of a whole 
ош аге commonly used to describe a quantity which is less than some 
Fes dea For example; a quarter of an hour, one half pint, an eighth of an 
Th » two thirds full. 
b. estos involves two numbers: 
ы UNUM (bottom number)—this number describes into how many 
thea Parts the whole has been divided; 
umerator (top number)—the number of these ра: 
оо four fifths; the ‘whole’ has been divided into 5 e 
we are concerned with 4 of these parts (Figure 1): $= 4x 0). 


Fig. 2 Equivalent fractions 


g 4 wholes into 5 equal 
ent way to describe the 


rts considered. 
qual parts 


о> 


Fig. 1 Fractions „ 


The fraction ‘four fifths’ is also the result of dividin 
Parts, and fractions are commonly used as a convent 
result of such a division. 

For instance 4--5 = $, sometimes written 4/5. 
enomintor the fraction is called an 


When the numerator is greater than the d 
a mixed number, à whole number 


Pea id fraction and may be rewritten as 
nd a fraction less than 1. 


$= 3-4-4-24 ‘Two (whole ones) and two thirds’. 


Equivalent fractions 
he fractions may look different but still have the same value and they are 
еп said to be equivalent, see Figure 2. 


6 343 3 34 ажо D 355 7 
"qs 3x5 9 


8 4x274 30 2х15 15 3x5 


is value of a fraction is unchanged wh 
enominator are multiplied or divided by the same number. Mo 
Fractions are usually cancelled down into simplest form before being given 


as answers, This involves finding the highest common factor (HCF) of the 
numerator and denominator and dividing both by this number. 


en both its numerator and 


Example Express in simplest form (а) 52 (b) 169 +26 ue 
(à) The highest common factor of 72 and 64 is 8, 509 ut 


Fractions 8 


(b) 169-26 = 482, which may be cancelled down to } on dividing both top 
and bottom by 13. 1? may then be written as a mixed number 6} 


Comparing fractions 1 | - 
To compare fractions, first rewrite them as equivalent fractions with the sa 
denominator and then compare the numerators. 

Example Place the fractions 3,3, 2, in order, smallest first. 


The lowest common multiple of the denominators 8, 5 and 3 is 120. 
5 3x15 75 3 3x24 72 2 


2x40 80 
8 8x15 120 5 5x24 120 3 3х40 120 
бо $«i«3 


Fractions of a quantity 


Example Find (a) 3of £24, 


(b) 35 of 378m; (с) What fraction is 12 K8 
of 96 kg? 


(a) 4 of £24 is £24+4 which is £6, so 1 of £24 is £6 x 3 which із 618. 
Alternatively the work may be set out as follows: 
lof24- 4x24 3524 3x6 


Я m 18, so the answer is £18. 
(b) 1507378 m = 


2 (3.78 + 10) m = 0.378 m, 
SO то Of 3.78 m = (0.378 х 7)m 


= 2.646 m 
(c) 12kgis 3 of 96 kg. 8-4 


Adding and subtracting fractions 


Example Find (a) 3+ 3+8 (b) 1-2 
(a) Fractions with a comm: 
by adding or subtract 


(с) i-i 


on denominator are added or subtracted directly 
ing their numerators, 


Т T9 1 =a 


Fractions with different denominators must first be changed into 
pe ge fractions with the same denominator and then proceed as in 
(a). The LCM of 3 and 5 is 15 so we work in 74’ s, sec Figure 3. 


(b) 


1 


15 
Fig.3 Adding fractions with different denominators 
(c) The LCM of 4 and 6 is 12 s 


” — 
9 1 9x3 1х2 27 2 2 m ы 


1 


a 


9 Fractions 


Multiplying and dividing fractions 
ractions are multiplied by multiplying their corresponding numerators and 
denominators. 
iugi by a fraction is the same as multiplying by its reciprocal. 
е reciprocal of 3 is 5, with numerator and denominator reversed. 


E ; 
xample Find (а) 2х5 (6) 3878 


(a) It is advisable to cancel before multiplying where possible. 
2,5 2x5 2x5 _ixs_ 5 

3*873x8 3x4x2 3x4 12 

10 5 10 (0x6 2x$x6 2x1 _1х1 


5 10 6 
A's" s axs 4x$xj Axl 2x1 3 


(b) 


Practions into decimals, and back again 

ecimals may be converted into fractions quite easily Б 

value of the decimal. 

РРА: 388 E A 
edi 2 5ф 0035 = 1999 ” 200 

Example Change into a decimal accurate 10 ast (а) 8 (0035 

(а) 4-5-8- Үз А 8)5.000 
+8 = 0.625 after the division opposite. 70,625 


y using the least place 


(b) This decimal is already accurate to 3SF. 
H = 31 +73 = 04246575 (using а calcu 
decimal, which can be written as 0.425 (3SF). 

n butterflies is estimated to be 


he population numbers 800. How 
(b) 1992? What 


lator), an infinite recurring 


. 

Е 

denen A population of Rainbow Gree 

many bo. by one quarter each year. In 1987 t 

ractio utterflies are expected to be in the colony by (2 4988, 
n of the original colony of 1987 will remain by 4992? 

I 

f the population is decreasing by one quarter then three quarters of the 


“хуралын геташ. i 
п 1988 the colony will be 3 of 800 = 800 Х 3 = 600 butterflies. 


In 1989 th = 2 
ere will be 2 of 600 = 800 x 3) x 3 = 800 x (0) 
2 (800 x 3) а 7 рх 25. 189.84 and the 


In 
i жесі there will be 800 х3 х ixixixi ) 
te of size of the colony will be 190 butterflies. 


Th Е ә 4 
е fraction of the original colony remaining 11 1992 is 188 = 88 


Fractions 


SAMPLE QUESTIONS - 
1 Express the following as fractions in simplest form: 
(a) 33 (b) && (c) 58 (4) T | 
2 Place the following ni г егі п order, Srmabiest first: 
a) 13,8) b) (8,519 c) (5,5, 70, 38] 
3 ap 9 (a) id ET (b) $ of 3.6 kg (c) 2 of 432 sheep 
4 Express the first number as a fraction of the second 
(а) 24, 60 (b) 15, 105 (с) 28, 161 (d) 32, 656 
5 Calculate (a)ł+$ (Б) 2—1 (0)4-4-15 (4) 34424 
()ixi 0(U)i-5 (0) Bx (h) @+$)х1 
(i) $—5)/8 3) 
Express as a decimal, accurate to 3 DP: 
(а) 5, (9% (0) 3, (4)%, (o3 (f) 224-7. 
7 Mary receives £2.40 pocket mo 
magazines and three quarters о 
does Mary spend on magazines, 


10 


пеу à week. She spends one third ар 
f the remainder on sweets. How muc 


on sweets and how much does she have 
left? 


59 Awealthy man distribut 


*10 А caterpillar, weighi 


increase its weight by 
the following day to increase its new w 
after the second day. By 
Weight over the 2 days? 


A car, priced at £ 5600 new. 
and then a fur! 


ng 28.5 g, 


*11 


eats sufficient leaves in one day to 
one eighth. Find its new weight. If it eats enough 
eight by one tenth find its weight 
What fraction has the caterpillar increased its 


»loses one quarter of its value in the first year 
ther fifth of j 


i 
What is the value of th 


What fraction of its ori 


ts current value for each of the next 3 years. 
© саг after: (a) 1 year, (b) 2 years, (c) 4 YER 
ginal value is the car worth after four years? 


NUMBER 
1.4 Sets of Numbers 1 


an language of sets 
language and notation is ofte. i i i 
n used in math i 

io cae matics to describe collections 
* 

Exam 

im ae л Let & be the whole numbers less than 10, D be the set of odd numbers 
Moni d гал S be the set {2,3,4,5}. Draw a Venn diagram showing the 
Gc ese sets and find (а) n(S), (B) SoD, (с) Sud, (а) 0, 


4 181 i 
he universal set, the largest set currently being considered. In this case 


4-11,2,3,4,5,6,7,8,9). 


Set Dis gi 272 
Dis given by a description and the members (or elements) may be listed, D 


-11,3,5,7,9). 
Т " 
ы Venn diagram drawn in Figure 1 12 5 
WS the members of the sets 4, D y T 21: 
9 4 8 


and р = 
кон S placed in their correct po- 
A ем So 1 is an element of D, 

n 1€ D, and the number 1 is 


dr. ithi 
awn within the set loop labelled D. Fig.1 Venn Diagram 


( 
е 20) means ‘the number of elements’ of 5, and so n(S) = 4. 
^ D is the intersection of 5 and D, the set containing elements which 
800-13,5) 


(c) Sas S and D, (the overlapping region), 50 ) | 
чер is the union of S and D, the set containing elements which are in S 
а) а БоБо 0,2559. ы 

оша е complement of D, the set of elements 1 

@ ge оре Bese 
М, D is the intersection of the set D and the 
ele ег 8. Since 8 is not an element of D, wri 
ments in this intersection, so (8) ^D = $ 


п6 which are not in D, ог 


d the set containing just one 
пеп 8€ D, there аге по 


the empty set. 


Real numbers 

numbers пп normally used in mathematics is called the set of real 

ine, R "A rra numbers сап be represented as the points on the real number 

number is ich has an origin О representing the number Zero. The value of each 

Negative fone by its distance from the origin positive to the right and 
€ right a s left. The real numbers are ordered naturally, the greatest on 

€gative ms the least on the left. For instance, negative one 15 greater than 

О, written — 1 > —2. 


n 


Fig.2 The real number line 


Sets of Numbers 12 


The set of real numbers has the following important subsets. 

N the set of natural numbers 101,234. } 

Z the set of integers Бу 8p 2. 9 Ду ШЗ... j 
© the set of rational numbers {р/4: peZ, qe, q #0} 


Q, the set of fractions, contains both N and Z as subsets, since a иц 
number 2( = 8/4) and an integer -1(— — 3/3) are also members of а. 
definition for Q reads ‘Q is the set of numbers p divided by q, where p is an 
integer and q is a non-zero natural number’. АКУ bé 
When all the fractions are inserted on the real number line it might h 
thought that the line is full with no Baps remaining. But many numbers, suc 


as /2 and л, cannot be expressed exactly as fractions. These are all the non- 
recurring decimal numbers, called the irrational numbers. 


Example Find the Smallest of the sets Ф (the empty Set), N, Z, ©, in which the 
following numbers, or sets of numbers, 


lie. 
(a) 22/7 (5) (-3)2 (с) 712/4 (9) ./з (e) ,/6 (f) (xix? 2 4 
(9) {х:х2 = -4) (А) (x2 = 5) qu 159; 


(a) 7 does not divi 

(b (-32-9 whi 

() - 12/4 = -3 

(d) J3isasurd (sq 
R. 


ide into 22 exactly so 22/7 is a rational in Q. 

ich is a natural number іп М, 

which is an integer in Z. ? 
uare root) which cannot be simplified so is an irrational in 


(е) /16 = 4 which i 


5 a natural number іп N, 
(f) The solutions 


of the equation x? 


1 bers is Z, the set of integers. 
(g) This equation has no real solutions so the set is the empty set ф. 
(h) The solutions of th 


MA = 5 are x = /5 ог — J/5, so the set 
containing these two numbers is В. 
() 15%-015- 


15/100 which is a rational number in Q. 


SAMPLE QUESTIONS 
! Which of the followin irrational: 2 
аш ий Б numbers аге irrational: V 6400, V: 
Drawa large diagram Showin 


i wes or the position of the numbers: 
He 2:4, 915; 25, 22 yn 10, m, А 
3 Let S be the Set of numbers (x ale V мы doin 
(a) the least member of 5, (b) the number of rational members of 
5, (c) the member of 5 Which is closest (0 “опе and five twelfths’. 
4 Find whether the statement is true Or false: 
(a) —4ez, (b) EN, 


©) /8eQ, (4) Re Z, (e) 314eQ. 


NUMBER 
1.5 Directed Numbers 1 


The real numbers are made up of positive numbers, negative numbers and the 
number zero as shown in Figure 2, page 11. Every non zero real number і а 
directed (signed) number which is either positive or negative, although it is 
normal to omit the positive sign. It is incorrect to call them ‘plus’ or ‘minus’ 
numbers even though a plus or minus sign is used. 


+5 is the number ‘positive 5” which is the same as the number 5. 
—2 is the number ‘negative 2’ which is the number 2 less than zero. 


Fractions, decimals and percentages may all be directed, positive or negative. 
The solution to the equation, 3x +5 = 0, is x = — 5/3. 

A temperature may be written — 2.5 degrees Celsius, 2.5 degrees below zero. 
A percentage change may be written — 10%, meaning a decrease of 10%. 


Ordering 
The directed numbers are an ordered set and this ordering may be shown by 


using the symbols > meaning is greater than and < meaning is less than. 
—2 +5 since —2 is to the left of +5 on the real number line. 


47> 43 -7<-3 -1/2«05 are all true inequalities. 


These symbols are often used to describe a subset of the real numbers. 

is the set of all real numbers between —4 and +3, 
4 and 3 are also to be included then the < 
{x:-4<x <3}. 


{x:-4<x <3} 
excluding the end-points. If — | 
symbol, meaning less than or equal is used, 


Operations 
Directed numbers can be com 
following the rules below. 


Addition and Subtraction ыр 
Adding a Negative is the same as Taking a Positive. 
Taking a Negative is the same as Adding a Positive. 
234 -29-3—422-23-2--3 
-3--2--3%%2--3%2--1 


bined by the usual arithmetic operations by 


3--2-3-42-3-2-1 
3--2-3-42-342-5 
Multiplication and Division 
Positive x Positive — Positive; tiv 
Positive x Negative = Negative; Negative x Positive = 
The square of a number is always positive. 

+3x +2= +(3x2)= +6 -3х-2--4(3х2)--6 
%3х-2--(3х2--6 -3ха2--(3х2)--6 


Negative x Negative — Positive, 
Negative. 


The same rules hold for division. 


48--4--(8-4)--2 -8--4-4(8-4)-42 


Directed Numbers 14 


Example Calculate (a) (-3-- —6)? (5)(6-(-2-4))/(-3) 

* (c) f (—3) where f (x) = 2x2 —5x— 1 

(a) Begin with the expression inside the brackets 
-3%-6--3-46- -3-6= —9 


Squaring a number is the same as multiplying it by itself and so 


(—9)®= -9x -9= +(9 х 9) = 81 
(b) Starting with the top of the fraction 
6-(-2-4)-6-(-69-6— 6-64 46—12 


Then the expression can be written 12/(—3) = – (12/3) = -4 
© f(-3-2(-3?-5(-3)-1 


(see p. 107) 
-2(-3х-3)--15 -1 
= 18 Эр d$ =] 
=32 
SAMPLE QUESTIONS 


1 At брт one evening the temperature was 2°С and during the дөге 
hours it falls by 8°C, What was the temperature at midnight that nig 6 
2 А Bank shows that a Customer's account is overdrawn by printing t 
balance 35 à negative number, A woman has £23.56 in her account 2 
then writes a cheque for £46.99. What will her balance show if t o 
cheque is cleared? What will her balance show if she then pays £25 un 
her account? 
3 Find: (а) -2-64 4 (b) -5х-4- —2 
(0 (-4-.-3) (а) 5-(-347)(-5) 
(e) (8— -37-(-8-3р 
4 Show the given values 


of x and y are solutions of the equations 
exc M-3- 2x (b) x - 4or 21,32 -3x = 4 
але, УЗЭЛ, xm yes i Bs ERE . 122) 
*5 Find the solution of ск дына: жы 
(a) n is a posit 


vein ation n(n + 2) = 35 where 125) 
Ve Integer, (b) nisa tive integer. (see P- 

6 Y pi ys ж v When (а) и-2 т еуін me 2 (b) u = A 
Se ; „t= 


*7 а= т b H 2: 
: "| 3) e= | 24 шай ax bsc 
= -4 
(b) 3Ь-2е (see рр. 159-69) 3 
*8 M the function f(x) E x=2, 1,0, —1, -2 and —3 where 
“эрийн BINE А em 7 2 
*9 Find the image of e: у= =a) 


40,2, B(-1, — 1) and C(3, — 4) after transform?" 
tion by the matrix M where м-(-! 


2 
7). 
1 E (see p. 167) 


NUMBER 1 
1.6 Powers and Roots 


Positive powers 


TT dly 
sion is repeate 

© power notation is used whenever a number or expres: 

multiplied by itself. 


9 2, 
48 4x4 16 is read 4 squared’ or “4 to = anton 2. 
22х2х2-8% read “2 cubed' or 2 to the p 
Pe 


" or ‘7 to the power S’. 
7x7x7x1x1- 16807 is ‘the fifth power of 7 ын EEr than 8. 
The most common error is to think that 2? means 2 x 3( e Ж 
5 ап! 
Example Find (а) 5x25.-2x52 (b) the larger of 35 a 


(а) Calculation 
5x25 
(b 3s. 


Г iplicati herefore 
s must be made before multiplication, t 
of powe 
ы xd 5х5-12550 35 is the larger. 
3x3x3x3x3- 243; 57 m SX 
5 and cube roots 


: В re root of. 
€ Inverse Operation to squaring is finding the rm 3 
Y 9 and 50 the square root of 9 is 3, written ,/ 


А ositive 3. 
Note; (-3) = 9 too, but the square root is defined to be рі 


à ion to cubing. 
finding the cube root of is the inverse ooa 5. 
5 and so the cube root of 125 is 5, written 


Similarly, 


25-,/4--,/49 
Example Find (a) V16 (b) 327 (с) ү25-4/4-./ 


(0) 16-44х4,50 М16 = 4 ()27-3х3х3,50 327-3 
© US 3x5422x2, and 49 = 7x7, 50 

S= VA-- J49— 5-247= 10 | = 
Although У = ч natural number, in general the result of finding the sq 
Toot or cube Foot will be an irrational number. майды 
vas 14142136... ,У3-1.7320508..., 2/100--4.6415888..., 
dots mean that the 


i tern. 
digits carry on with no particular pat 
€ may fi ; 
table 7 And decimal a 


i alculator, a 
Pproximations to these roots by using ас 
values 


a simple 
9r by a decimal search method. On 
y 
ite ida "i E inverse function and 
he 8 Sientific Calculator you may need to use the inve 
t 
4 t] ыг keys. 


Calculator t 


9 
к /20 (5) 3 
("le "a cone calculator key sequence to find: (а) y 

(3s (d) J/(35) апа round to 3 decimal places. 


= 4.472 (3DP). 
Key in ‚ and the result should be 4.472136 


Powers and Roots 16 


(b) Key inl] [=] , and the cube root of 9 is given as 


2.0800838 = 2.080 (3DP), 


(on some calculators = ЕЙ ) 
(c) Кеуіп [з] [>] [=] , 


giving 15.588457 = 15.588 (ЗІР). 


€ Ky» е [s] [Г] и. 


also giving 15.588457 — 15.588 (3DP). 


Decimal search 


. The 
Most calculators have a Square root key but not all have a cube root key 
decimal search method 


diia type 
may be used to find a cube root and it relies on шэн 
of trial and error approach which gradually focusses in on the correct de 
approximation. 


Example Find 3/28, accurate to ЗОР, by a decimal search method. 


3-2, 3.13 = 29,79, зо 4728 is between 3.0 and 3.1. 
3.05? = 28.3726, 3,033 = 27.8181, 3.043 = 28.0945, 

so 4/28 is between 3,03 and 3.04, 

3.0353 = 27.956, 3.0373 = 28.0114, 3.036? = 27.9837, 
so 4/28 is between 3.036 and 3.037. 


3.0365? = 27.9975 < 28, and so 3/28 = 3.037 (3DP). 


Rules of indices ( 


powers) 
The following rule 


1 axa’ = ах+» 2 ах + ау = ах-у 3 (а9”-а” 
4 аххх = (aby: 5 asp = (a/b) 
These rules may be demonstrated fe 


OF positive powers as follows. 
1 жа AS XS) {5 WS эв жу 5505505 5 x su 
= 56 = 52+4 
2 6*6 = 6x6 x6 x 6x6) + (6 ву 6xX6x6x6x6 
6x6 
= хб хб = 63 = 65-2 
3 Gy = Gx3x0x3xGx3xgx3 8 (2х4) 
)= 38 = 3 3 
4 de cc Qoi oo 
= (2 x 5)3 = 103, 
5 6° + 3* = (6x6x6x6) + 


(3 x3 x 3 x 3) 


(6/3) x (6/3) x (6/3) x (6/3) = (6/3)* = 24. 


17 Powers and Roots 


E T 
xample Simplify the following expressions 


85x82 3x2 
(a) xx (2x2) 
83 (5) А (з)? (d) (25x65) — (43х25) 
(a) 85x8 8272 87 

83 us ae шша 

NET 342 5 
DECRE x В 
2 ж - d Ші ды; 

ger 25 (y 16x? ** 
©) (х3) = 392-77 56 = 16x876 = 16x? 


(4) 0° х 65у (8 x24) = 2х6) + (49 х4) 
(since 2* = 2х2 х2 х2 = 4x4 = 4°), 


= 125 + 45 = (12/45 = 3° 


Negative powers 
The rules of indices for positive powers may be used to extend the meaning of 
the power notation to negative powers. The operation *multiply by 4' moves 
one term up the sequence of powers of 4, and 'divide by 4' moves the opposite 
way, see Figure 1 below. 

рез ке dunk d RS. f Ns / цас! Же; 
4:3 47? 4! 4° 4! 42 43 44 
ё 5 4 1 4 


n zero number to the power 0 is 1, 


16 64 256 


So 4? = 1, and indeed any no 


a= LL 
a ee: | а : : 
ga Tp: A number raised to a negative power is equal to the reciprocal 
ji 
of the corresponding positive power. a= 
a 


Example Find (а) 3:7 (6) 7% (с) 87°. 
2.26, 


1 8-2 = ә рен 
() r= © 9"-g-^spp 


3? 


ol— 


(а) 3-2 = 


Powers and Roots 18 
*Fractional powers d in 
Square roots, cube roots and indeed any other roots may be De 
power notation by extending the rules of indices to fractional po : 
91x91—90*9— 91. 9. therefore 9$—3 = V 
Similarly J/125 = 1251 and in general a*— ya 
8t = (8?) = Js = (84)? = (уау 
In general а? = ya = Qa) 
*Example Find the value of (a) 83 (b) 162 
(а) 8%= 3/8 = 2, since 2x2x2=8 
(b 161 = (4/163 = 23 = 8 
(с) 1253 = (125)? = 52 = 25 
1 1 1 1 
25 Bs es L-—-—— 
d з 25! (253 557125 
The fractional powers may now be in 
shown in Figure 2 below for the po 


(c) 125% (а) 257%. 


Р as 
serted in between the integer powers, 


wers of 4, 
4i 4) a | gt | ge | a 
2 4 8 16 32 


Fig. 2 Fractional and integer powers of 4 


SAMPLE QUESTIONS 

1 Find the value of: (a) 35 (Б) 7 (с) 10% (а) 19 3 

2 Express the first number as à power of the second: (a) 64, 2 (b) 81, 
(c) 64, 8 (d) 100 000, 10 (e) 1024, 2 (f) 625, 5 0 

3 Find calculator approximations (3SF) to: (а) J/7.— (b) vi 
(725 (d) уз (6) V1000 (f)J/1030 (0) ,/5 he 

4 Usea decimal search method to find the following surds accurate to t! 
Use the macs 0) YS DP) (b ./20 GSE) (c) 200, (IDP) 

5 Use the rules of indices to simplify: (a) 27x25 — (p) 38 +3 
Fides) x3 (9x3 (1) ху? 

6 Find the following numbers by changing into standard form and using 
the rules of indices: (a) 0.00024 x 8000 (b) 5600000 x 7 000 000 
(c) 360000 = 0.0009 4) 0.000 048 + 600000 

*7 Find the value of: (a) 27 (b) 1007* (с) 243% (4) 7-2 
(е) 16-% (f) 93 (h) 1000000-? (i) 8:3 


NUMBER 
1.7 Know your Calculator 1 


When using a calculator to help ‘do the sums’ in mathematics, it is very 
important that you know your calculator well. The following sections check 
through the basic ideas but there is no substitute for regular use to familiarise 
you with what your calculator can and cannot do. 


Order of operations 
8-2x3 — [s the result 18 or 2? 
The standard convention for calculating arithmetic expressions is: 


Calculate the contents of Brackets first, then Powers, then Multiplication 
and Division, and finally Addition and Subtraction. Work from left to right if 
priorities are equal. 

508-2х3-8-6-?2. 

Now enter this on your calculator to find whether your calculator uses this 
convention, known as full algebraic logic. If the result is 18 then your 
calculator does not use algebraic logic and you will need to enter each 
calculation in the correct order to make sure your calculator gets the answer 


right. In the sum above the key sequence needed is: 
E шп 60000 Ы. 


Example Write down the key sequence to calculate, 

" 5(1.83—0.74)? 

(а) 3.14х2.62, (b) 2sin43°, — n 
) (b) 25іп43%, (c) paps 


uences given here assume full algebraic logic. The digits ofa 
e entered are not shown as individual keystrokes. The answer is 
you can check on your own calculator. 


The key seq 
number to b 
given in square brackets so that 


(а) 3140] 26] [>] [212264 = 212 (35Е)] 


&) 20 aE] [E] [13639967 = 1.364 (45Е)] 
o 50210 18: 0 os D] Б] Г os2 [e] 318! 


[7.6288578 — 7.63 (3SF)] 


Accuracy 


When writing down the final answer from a calculator, always round your 


answer to a sensible level of accuracy, bearing in mind the accuracy of the 
numbers given in the question. It is usual to use the same level of accuracy as 
given in the question, even though the final answer is often one level less 


accurate. (see Error Analysis section, p. 21) 


Example Find the area of a circle of radius 4.83 cm. 
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Usethe formula A 
gota z key. Roun 
the accuracy give 


А = 3.14 х 4.832 


” ч 
= nr^, and approximate л Бу 3.14, if your calculator hasn 


igni ing to 
d the final answer to 3 significant figures corresponding 
n in the question. 


= 73.252746, so the area is 73.3 cm? (3SF). 

"e n 
Calculators often calculate to a greater number of significant Mee үр 
they display and the extra digits are either truncated (omitted) or rounde Ped 
or down). Sometimes the result is shown in the display, but normally the e 
rounded digits are not displayed. 


Example Calculate 3 of 6, using your calculator. 


ince 
Key in [2] [x] [s] [=] - The answer should be 4, Mc 
two thirds of 6 is 4, but your calculator may give 3.9999999 aap on 
truncated the intermediate answer to 2 + 3 as 0.6666666, rather t 
rounding it to 0.6666667. 


: ч ich 
A calculator which iruncates may sometimes give peculiar answers whic 
look like recurring decimals and which ought to be rounded up. 
Negative numbers 
The correct wa: 


key afte: 


calculator may 


2 : i n 
Y 10 enter a negative number is to use the change 518 
т entering the number, So — 


3isentered as 
generate a; 


corresponding positive 


number, 
Example 


Calculate (а) (-5- -3)* (b) f(—3), where f(x) = 2x2 - 3x- 5 


@ Keyin O [S] FQ FID [9] [=] о 


6) f(-3— 2(-39-3(-3)-5, This may be keyed in as 


EES] EN Eze HERS oes o» 


Estimation and checking 


DRIN. an are about to use a calculator, make a 1 significant a, 

estimate of the answer first to check wh ] imo 
! ether the answer you get fro: 

calculator is reasonable, мин 


n estimate of the EN 
(5.74 +6.21) answer to the following: ” 
г) —— (b) volume оға matchbox 18.6mm by 63.8mm 
33.1 mm. 


5.74 +6, 12 
а) 67562) 646 m 
3.86 4 16 
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Using a calculator Abe ans wat 9920349 = 0.802 (3SF). 
(b) The volume is found by calculating үх бХ УМ which may be 
estimated by 20 x 60 x 30 = 36000 ~ 40 000 
On a calculator the volume is 39 279.108 = 39 300 mm? (3SF). 


Сэнс checks you may use to eliminate errors are: 
epeat the key sequence either in the same order or, where possible, in à 


different order, and check the answer is the same. 
Wi rite down the calculation before entering the key sequence and then, after 
keying, write down the full calculator display before rounding the answer. 


Look at this again and check your estimate. 
Sometimes it is possible to reverse the key sequence from the answer back to 
one of the initial numbers as a check. 


Error analysis 

Whenever any measurement is made the result is only as accurate as the 
particular measuring device allows. Therefore the numbers we use in 
calculations are only accurate to some given level. 


*Example Give upper and lower bounds for the width of a page, given as 


21.6 cm (3SF). 

The width, W, given as 21.6 cm (3SF), might be any width between 21.55 cm, 
the lower bound, and 21.65 cm, the upper bound, and still be rounded to 
21.6 cm accurate to 3 significant figures. Using inequality signs we write this 


as 21.55 cm « W <21.65 cm. 


The accuracy level of numbers in questions is not always noted and so We 
assume that the written digits are the most accurate that can be given. When 
calculating with rounded numbers the effect of these rounding errors can be 


calculated and the accuracy of the final answer adjusted. 


length and width of a rectangular field are given to the nearest 


*Example The! 
у. Find bounds for the area of the field. 


10 m as 560 m and 320 m respectivel' 
In the question the numbe curate to 2 significant figures. 
The length, L, and the width, W, of the field satisfy the inequalities 
555 т < L < 565 т, 315m < W< 325 m, and the area, A, is found by 
multiplying L and W. Clearly the greatest and smallest values for A will come 
from multiplying the greatest and smallest values of both L and W. 
(555 х 315) m? < A < (565 x 325) m°. 
174825 m? < A < 183625 m? 
170000 m? (2SF) < A < 190000 m? (2SF) 


This gives a range of answers accurate to 2 significant figures, but if a single 
answer is required then the best answer that can be given is 200 000 m? (SF). 
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i igni es 
In a question where the numbers are given as accurate to 3 significant nd 
the final answer can often only be given to 2 significant figures. The only 
way is to calculate the upper and lower bounds for the final answer. 


SAMPLE QUESTIONS 


1 Write down the key sequence for the following calculations, and then use 
your calculator to check. 


«5 [2] (0)3'-5 [4] (о) 4х32 [36] 
(d) 4х7-2х6 [16] (е) -2--3-4 [-3] 
-8-3 
(3 -5х-8--4(-10| 0) —— S571 
3(- 


2) 
(h) 124: [-15] 


2 Check that your calculator gives the correct answer to these 


calculations: (а) (37) х7, [3] (b) ixi,[04] (© 4+8, [01] 
(4) +403] (е) У81 [9] (S) ,432--42) [5] A 
Estimate a 1 significant figure approximation to the following calcu- 
lation: (a) (7.93 + 2.14) x 3.85 (b) 7.2? —3.12 

5 369 117 
(с) 5.78(8.4) (d) 321 285 (e) (532 +927 + 1387)/3 
0) (5.74? +8.12?) 


4 Writedown two different key sequences which might be used to calculate 
and check the followin; 


E (a) 746.8 + 834.9 + 241.7 (5) 25.6 x 59.6 х 38.9 
(14.74 + 9.63) 


(6624578) (4) 1387—493.893 (e) 177 328 +2.59 
*5 Write down upper and lower bounds for the following measurements. 
(а) 17.8cm (3SF) (Б) 0.0072 mm (25Е) (с) 160g (2SF) 
(d) 35700 km (3SF) (е) 190m (SF) (f) 5700 Ке (45Е) 
(9) 4.56 cm? (3SF) (h) 5 miles (15Е) 
*6 Find upper and lower bounds for: 
(a) the area of a Square piece of card of ed 
| (b) the volume of a brick with edges 54 mm 
ч (c) theaverage weight of two boys weighing 


ge 18.3 cm (3SF), 
, 71 mm and 190 mm (2SF). 
37.42 kg and 43.86 kg (4SF). 
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1.8 Ratio and Proportion 1 


Ratio 
A ratio is used to compare the relative sizes of like quantities. 


‘There are twice as many girls as boys in this class’ becomes ‘the ratio of girls 
to boys is 2:1’. 

‘Darren’s height is two thirds Robert's height’ becomes ‘the ratio of Darren's 
height to Robert's height is 2:3. 


The numbers in a ratio may be multiplied or divided by any number to 
produce an equivalent ratio. Ratios and fractions share this type of 
equivalence under multiplication and division. 

Example Express as a ratio in its simplest form: (a) the ages of Jane, 6 years 
old, and Katie, 3 years old. (6) the proportions in a cake recipe requiring 250 g 
flour, 200 g fat and 150g sugar. (c) the time spent by two boys on Maths 
homework, 45 minutes and 1 hour 20 minutes. (d) the length of an aircraft, 
40 m, to the length of a scale model, 25 cm. 


(a) Jane's age:Katie's age — 6:3 — 2:1, (dividing both numbers by 3). 

(b) Flour:fat:sugar — 250:200:150 — 5:4:3, (dividing by 50). 

(c) Тһе two times must be expressed in common units first, minutes in this 
case, so the ratio is 45:(60 + 20) = 45:80 = 9:16. 

(d) Using metres as the common unit, the ratio of real to scale aircraft is 
40:0.25 = 160: 1, (multiplying both numbers by 4 to make them whole). 


In cases like part (d) of the last example where the ratio is of the form n:1 or 
1:n, the number n iscalled the scale or scale factor and this expresses the idea 
that one quantity is n times the other. 


Proportion 
Two quantities are in direct proportion if there is a constant ratio between 


them. So if one is halved then so is the other. 


Example Rope costs £0.45 per metre. (a) What is the cost of 50 metres of 
rope? (b) How much rope can be bought for £12? 


The length, L, and the cost, C, of the rope are in direct proportion, wth L:C in 
the ratio 1:0.45, using the units as given. 
(a) To find C when L is 50 we multiply this ratio by 50. 
L:C = 1:045 = 50:50 x 0.45 = 50:22.5, so the cost is £22.50. 
(b) To find L when C = 12 we first divide by 0.45 and then multiply by 12. 
L:C = ks: 1 = 1251:12 = 26.6: 12, so the length of rope is 
26.7 m (35Е). 
Example There is : pint of cream in every pint of full cream milk. (а) How 


much cream is there in a gallon of full cream milk? (5) How many pints of full 
cream milk will produce 20 pints of skimmed (no cream) milk? 
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Ме" ion,in 
The quantities of full cream milk, M, and cream, C, are in direct proportion 
the ratio M:C = 1:15. ue llon, 
(а) We need to find C when М = 8 since there cud pints іп 1 ga 
so multiplying the ratio by 8 we have M:C = 8:45, ilk. 
and there аге fz = 3 pint of cream in 1 gallon of full cream ш edi 
(b) The quantities of full cream milk, M, and skimmed milk, 5, ер 15-20, 
Proportion, in the ratio M:S = 1:44. We need to find tans 
50 we need to multiply or divide this ratio until we get ?:20. 
M:S = 1:44 = 12:11 (multiplying by 12) 
= Н:1 (dividing by 11) 
= 20 x 1:20 (multiplying by 20) 
— 21.8181:20 4 " d milk. 
So 21.8 pints (3SF) of full cream milk produces 20 pints of skimme 


Sharing in a given ratio or proportion ВУ 
Ехатріе Тһе Winnings of a 3 man syndicate are to be shared in the ratio 1:3: 
When the prize is £1 


2000 how much does each person receive? mber 
Since the ratio is 1:3:4 it is convenient to count these as a total n 
1+3+4(= 8), 


h share 
of equal shares. Dividing the £12000 by 8 makes 22 Г 
worth £1500. 3 shares and 4 shares are worth 3 x £1500 an 

respectively and so the three p 


6000 
eople will receive £1500, £4500 and £ 
respectively. 


Example Calculate the an 


n 
e data О! 
gles needed to draw a piechart to represent th 

car со! 


ours: red 45, blue 38, green 17, gold 13, black 7 cars. 


” the 
The problem is to share out a full turn, 360°, in the same proportions 25 20, 
colours of the cars. The total number of cars is 45+38 +17 +13+/ = 
so each car is worth 360/120 = 3°, Ж xm ™ 
The angles for each sector may be === m Р 
found Бу multiplying the number of 


Number Angle 

cars by 3. The results are shown in ito 
the table opposite which can also be 45 
used to check the working. 38 
17 
13 
7 
120 


Inverse proportion 


ПОЛО i one 
е quantities is such that if you increase 
quantity you must decrease the other. 

If the speed is doubled оуега 


5 i "e 
bled (multiplied by 3) then the time taken 
third (divided by 3). 


Such quantities are said to be in inverse Proportion 
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Example А caris being tested for fuel consumption by running it around a track 
at different speeds for a set distance. The time taken is inversely proportional to the 
speed. On one run lasting 45 minutes the car travelled at a speed of 40 mile/h. 
(a) How long will a run last at a speed of 20 mile/h? 

(b) At what speed will the car produce a run lasting 1 hour? 


(a) Ata speed of 40 mile/h the run lasts 45 minutes. 
| | 
+2 x2 
| | 
So at a speed of 20 mile/h the run lasts 45 х2 = 90 minutes, since 
if the speed is halved then the time is doubled. 
(b) А тип lasts 45 minutes at a speed of 40 mile/h. 
| | 
+3 х3 
| 
So а run lasts 15 minutes at a speed of 40x3 = 120 mile/h, 
| | 
х4 +4 
| | 
and a run lasts] hour (60 min) at a speed of 120 4= 30 mile/h. 


Example The number of plastic widgits manufactured in one production run is 
inversely proportional to the unit cost and directly proportional to the time taken. If 
it costs £300 for a production run of 10 000 widgits lasting 6 hours what is the unit 
cost. How many will need to be manufactured to bring the unit cost down to 2p? 
How long will a production run of 8000 widgits take? 


The total cost of 10000 widgits is £300, so the unit cost оп a run of 10000 
widgits is £300 + 10000 = 3p. 
The unit cost is 3p for a run of 10000 widgits, so 


+3 x3 
{ 
the unit costis 1р fora гип of 10000 x 3 = 30000 widgits, and 
| | 
x2 +2 
Y i 


the unit cost is 2p for a run of 30000+2 = 15000 widgits. 
For a run of 10000 widgits the time taken is 6 hours, so 
| | 


x 


ын 
х 


for a run оҒ 8000 widgits the time taken is 6 x $= 4.8 hours, 
and 4.8 hours — 4 h (0.8 x 60) min = 4 hours 48 minutes. 
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Note: In everyday usage, speeds are most commonly expressed in terms of 
miles per hour (mph or mile/h) and 
kilometres per hour (kph or km/h). 
To help you familiarise yourself with the alternative forms of these 
abbreviations, all have been used in this book. In GCSE work and 


examinations, you should always use the same notation in your answer as is 
used in the question. 


SAMPLE QUESTIONS 

l Express the following ratios in simplest form: 
(a) 3cm:24 mm, (b) 15р: 21.80, (c) 250 g:3.5 kg, 
(d) 3 days:6 weeks. 

2 Give the scale factor for the following ratios by expressing in the form 
l:n (a) 50cm:2 km, (b)3 ounces:3 Ib, 


(c) 10s:1 day, (4) 25x 106 m:5 x 109 m, (е) 5p:17p, 
(f) 0.8 mm:75 cm. 


3 The ratio between the а 
dressing is 5:2. (а) How much oi 


x : y a force of 500 Newtons? 

(b) What force will stretch it by 4.5 cm? dn 
5 Picture framing costs /1.25 
by 55cm (assume you use wood equal in len 


receive? 
T: Calculate ees тойга Piechart showing the proportions of 

votes cast in an election with the following poll: 

Democrats 24750, Republicans 35520, Independents 11730, 
poo is 850 kg. (a) What is the maximum 

mass of heating oil in a 9001 domestic tank. (b) What is the maximum 

ity for a tanker which has a load limit of 30 tonne? 

ЦЭ 2 men 20 hours to build a brick wall. (а) How many men would be 
2% pis to cut the time taken to 5 hours? (5) How long would it take 3 

ioni to build the same wall? 
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1.9 Percentages 1 


A percentage is a fraction expressed in hundredths, ‘per cent’ means ‘out of 
100’. 
25% = 738 = 0.25, since 25+ 100 = 0.25 


When money is used it is easier to think of 12% as 12 pence in the pound. 
Calculations with percentages often involve changing a percentage into a 
fraction or decimal number and changing a decimal back into a percentage. 


Example Convert the number given into its two remaining forms, from per- 
centage, fraction and decimal: (a) 85%, (5) 8196 (c) 0.375, (d) 5. 


(а) 85% = 188 = 0.85 (85р in the pound). 
(b) 81%- 35 = те = 0.085 (note the zero in (ће tenths column). 


А 5 c 8 cuj pA 
(c) 0.375 100 73% 
(d) 420.333 = 334% 


Example Mr Jones invests £2500 and is paid 15% at the end of the first year as a 
dividend. (а) How much is this dividend? The following year he is paid a 


dividend of £450. (b) What percentage dividend is this? 
This problem may be solved several ways, and we show two methods here. 


Calculator method using decimals: 

(а) 15% = 0.15. So 15% of 22500 - 0.15 x 2500 = £375, using а calcu- 
lator to do the multiplication. 

(b) £450 is 7388- of £2500, expressed as a fraction. 
250-018 = 18% a5 a percentage, carrying out the division of 450 by 
2500 directly on the calculator. 


Fraction method which may be used when no calculator is available: 
(а) 15% = 100 
15% of £2500 = т of £2500 = 16 х 2500 = 15 x 25 = £375 
(b) £450 is 2% of £2500, expressed as a fraction. 
380) = тб = 0.18 = 18%, converting the fraction into a percentage. 


Percentage increase and decrease 
Increasing or decreasing an amount by acertain percentage may be calculated 
by finding the increase or decrease and then adding or subtracting. The 


following scale factor method is rather easier and very suitable for calculator 
use. 
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Example (a) Increase £24 by 15%, (b) decrease £2.45 by 30 %. 


(а) 15% of £24 = 0.15 x 24 
+original £24=1 x24 
Increase £24 Бу 15% = 1.15 x 24 
= £27.60 
(b) original 245=1 х 2.45 
— 30% of £2.45 = 0.30 x 245 
Decrease £2.45 by 30%1 = 0.70 x 245 


= £1.72 
Increasing by 15% is equivalent to multiplying by 1.15, 
hem ee. Hs [mur x 
Original Price |. 9 Price +15% 
eee 


p y 
nt to multiplying Бу 0.70, (finding 70°,). 


m 2 х 0.70 [S ERU 
Original price =———„!(# 
| 


rice — 30% 


Decreasing by 30% is equivale 


Example Find the final answer after the following Changes. 
(a) Increase £100 by 12%, (5) Decrease 250 km by 10%, 
(c) Decrease 3 kg by 55 % (а) Increase £9500 by 7.8%. 
(a) Increase £100 by 12% = £100 x 1.12 =£112 
(b) Decrease 250 km by 10% = 250 km x (1 — 0.10) 

= 250 km x 0.90 = 225 km 
(c) Decrease 3 kg by 55 % 7 Find 45% of 3 
(d) Increase £9500 by 7: 


kg = 3 kg x 045 = 1.35 kg 
8% = £9500 х 1.07 


8 = £10241 


Finding the percentage change 
This scale factor idea may now he 1564, in reverse, to find the percentage by 
which an original amount has been increased or decreased. 

Example Find Ын Percentage Change When: 

(а) а man's annual Salary is increased fro 

(b) a coat is reduced in a Sale from Е59 ^ мас шаг, 


(а) Orijinal Salary |... pags 2 


Laie anime o iia ИЙ salary by the original salary. 
Scale factor = 9342 +8659 — 08, and so his salary has been increased 
by 8%. 


New Salary 


29 Percentages 


le fact 
(b) Original Price mo SSO e| Sale Price 


To find the scale factor we divide the sale price by the original price. 
Scale factor = 49 +59 = 0.83 (2DP) = 1 —0.17 and so the percentage 


reduction is 17%. 


Example A house first valued in 1985, was revalued 15% higher in 1986 and 
10% higher again in 1987. What is the percentage increase in the value of the 
house over the two years? 


[vss vue] “> 


x scale factor 


x 1.10 
---- 


1987 value 


- 


The original 1985 value has been mutiplied by 1.15 and 1.10 to get the 1987 
value. So the scale factor is 1.15 x 1.10 = 1.265, and the house has increased in 
value by 264 % over the two years. 

Notice that the increase is more than the sum of the two percentages since the 
10%, increase is taken on the 1986 value rather than the 1985 value. 


Finding the original price 
Finally we again use the scale factor method to solve the problem of finding 
the original price given the final price and percentage increase. 


Example Aftera general 5% increase in new car prices a car is priced at £6720. 
What was its price before the increase? 


^ x 1.05 
To increase the original price to the new price we multiplied by the scale factor 
1.05, so we divide the new price by 1.05 to find the original price. Original 
Price = £6720 + 1.05 = £6400. 
Note: Decreasing £6720 by 5% does not give the same answer, since the 5% 
increase was 5% of £6400, not 5% of £6720. 
Example А stereo radio/cassette player is advertised as 30% OFF ONLY £49. 
What was the price before the reduction? 


=. 5 x 0.70 
Original Price 2070 


Reduced Price 


To reduce the price by 30 % the original price has been multiplied by the scale 
factor 0.70 ( = 1 — 0.30). So to find the original price we divide the reduced 
price by 0.70. Original Price = £49 + 0.70 = 270. This answer may be 
checked by reducing £70 by 30% which gives £49. 


*Repeated percentage increases 
*Example The area covered by a bacterial growth spreads at the rate of 18% 


every 12 hours. If its initial area is 5 mm?, what will be the area after 3 days? After 
how many 12 hour intervals will the growth exceed 1 cm?? 
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-- x118 x 118 
[Initial area] 7% [12 hours later 


x118 
— [24 hours later ий hours later| 
After 3 days (6 x 12 h) the Баси 
Final area = 5 mm? x 1.18 x | 


eria's area will be multipled by 1.18 six times. 
18x 1.18 x 1.18 x 118 x 1.18 


1 cm? = 10 mm x 10mm = 100 mm?, 


Dividing both sides by 5 
By repeated trials on 1.1818 = 19.7 (3SF) 
and 1.1819 = 23.2 (SF). 
Therefore it takes 19 12-hour intervals before the area exceeds 1 ст, 


118" 320. 
à calculator we find 


SAMPLE QUESTIONS 

l Express the following fraction as а decimal and a percentage: 
Od (3 (03 (à (03 (à 03 

2 Express the following Percenta, i 


a Ве as a decimal and a fraction: 

4) 20% (0) 75% (0 вру (4) 88% (e) 106% (f) 124% 

a (b) 7% of £9.50 

(c) 52% of Hn votes (d) 24% my m (e) 120% of 3500 ants 
4 mm 


quantity when: 
(a) the Population of a villa, 


(b) a tent, weighing 35 kg, has its Weight increased by 85 % due to rain, 


(с) VAT at 15% is added to the pri isi i 349. 
ah diners admissions (125 8 ain of a television costing £349, 


5 Find the percentage Change When: даа а 

(а) a child's weight incr 

(b) the production of 
million, 


Ее (256) is reduced by 16 s 


eases from 32 kg to 38 kg, 
tea bags decreases from 524 million to 478 


6 Find the original quantity when: 

(a) a slimmer's weight is down 12%а р 
(b) the area of a forest has been Teig ones Meg. puse NS 
(€) the price of a Lazaratti car pac increased by 35% to 18 500. 

"7 The height of a young tree, 03 m when Planted, increases by 12 %, 8 % 
and 10 % in the first three years. Find the height after 3 years and the 
total percentage increase. | 

*8 А colony of rare Sea Sparrows 15 estimated to be declining by 5% per 
year. The colony numbered 700 jn 


ummer 1983. How large will the 
colony be in Summer 1988 and when it Will first fall below 300? 


т кт тыз S 


EVERYDAY ARITHMETIC 2 


Profit and loss 

When an article is bought at one price and the 

непре between the selling price and the buyi 
hen the selling price is less than the buying pric 

the loss. 


n sold at a higher price the 
ng price is called the profit. 
e the difference is known as 


Example Finda garage's profit or loss on the following: 
2) an Adagio bought for £1500 and sold for £1650, 
(b) a Centtro bought for £3200 and sold for £3680, 

(c) a Buletta bought for £750 and sold for £570. 


(а) 1650 > £1500 so the profit is £1650 — £1500 = £150. 
(Б) £3680 > £3200 so the profit is 73680 — £3200 = £480. 
9 510 < £750 so the loss is 750—570 = £180. 

he overall profit is £150 + £480 — [180 = 5,450. 


Percentage profit or mark-up "P 
Бү obtain a fixed percentage profit the selling price 
y increasing the price paid by this percentage mark-up. 


of an article 18 calculated 


%. Find the selling price 


all goods by 25 Á 
p S late the profit on selling 


Example A clothes retailer marks u 
d ties at 88р. Calcul 


E vests bought at £2, shirts at £5.80 an 
Shirts, 3 vests and 2 ties. 


Increasing by 25% can be found by multiplying by 125 (page 28) 


a selling price of a vest is £2 х 1.25 = £2.50. 
Ше selling price of a shirt is £5.80 x 125 = £725. 
he selling price of a tie is 88p X 125 = £1.10. Pe 
Eus total cost, to the retailer, of 5 shirts, 3 vests and 2 ties 18 
x £5.80) + (3 x £2) + (2 x £0.88) = 536.76. 
The profit will be 25% of £36.76 = £36.16 x 0.25 = £9.19. 
Example Mr Si i iced. His bill consisted of £23.40 for 5реге 
parts and Poe Singh тай тунау е of VAT. Calculate: (a) VAT on his billat 
15% (b) the total cost including VAT. 


(9) VAT at 15% is 0.15 x (£23.40 + 33.60) = 0.15 x £57 = £855. 
(b) Total inclusive charge is £57 +£8.55 which is £65.55. 


Family budget | 
А typical family budget can be split into two headings: 

Income— money coming in from wages. child benefits and other sources. 
Outgoings—money spent on rent, rates, food and household goods. 


The difficulty comes in satisfying the inequality 
Outgoing « Income . 


Buying and Selling 32 


Example The Jon 


Income: pay and child benefits £74.50 + £13.70 = £88.20. 
Outgoing: Tent, rates, charges and food 

£1680 + £6.10 + £124 £35 = £70.50. 

Spare money each week is £88.20 — £70.50 = £17.70. 


SAMPLE QUESTIONS 
1 Find the total cost of 2 Pots of honey at 69 


Per tin, 500 g of drinking chocolate if 250 
46 p per kilo. 


£ up fee and 5.6 P рег poster to print 
à poster. Calculate the cost of printing 500 posters if VAT at 15 % must 
be added to the given costs. 

4 The price of a table and six chairs is reduced ina sale by 20 Жж. What is the 
sale price if the original price is £325? 

5 Calculate the selling price if the mark-u 
(b) turntable £57.40, 

6 Tom boughta bicycle fo; 
later sold it to Harry at 
paid for the bicycle; 

7 The price of a Scooter, originally £185.90, had to be increased by 12%, 
due to rising production costs. What should be its Price ina sale where all 
goods are offered at 10% off? 

8 Seven tickets cost 58.75. What 
(b) 3 tickets? 

9 What is the difference іп total price between 2 books 
and 3 books costing £1.49 each? 

10 Ms Nelson's net weekly pay is £92.40, She pays out on rent £ 18.60, rates 
£7.45, and electricity / 4.50 each week. How much surplus money does 
she have this week after spending ^ 49 on food and £17.50 on new 
clothes. 

11 Frozen beans cost 38 p per 500 g and fresh beans cost 60 p per kg. Which 
is cheaper and by how much if 3 kg are required? с 

12 А calculator, yir. at £19.82, is offered at £15.45 fora ete 
period. What percen is Iscount is being offered and how muc 
saved if 6 calculators are purhaseg during the offer? 


P is 25%: (a) radio £33; 
(c) amplifier £40.40, (d) speakers £59 a pair. 
T £25 and sold it to Dick ata profit of 20 % Dick 
a loss of 15%. Calculate what Dick and Harry 


is the cost of. (a) 1 ticket, 


Costing £ 1.89 each 


A Te ы UAE 


EVERYDAY ARITHMETIC 
2 Saving and Borrowing 2 


posited as savings in a bank or 
ed rate of interest. The rate is 
although the interest may be 
sum of money is borrowed 
1| as the 


шан sum of money, the principal, is de 
Vni eer it earns interest at the stat 
disi asa annual percentage rate (APR), 
ford alf yearly or more frequently. When a 

period of time the borrower will have to pay interest as we 


Principal when the loan is repaid. 


Dea or growth 

апа ле on savings may be taken as income. 

intere € same interest, simple interest, is paid 

and 2 may be added to the principal, compound 
е amount of interest increase each year. 

for 3 years, compare: (a. 


The principal remains steady 
each year. Alternatively the 
led, and then the principal 


Ex 
ове On a deposit of £580 at 8.75 % ) the income 
, (b) the growth under compound interest. 


Income: (a) Simple interest each year is 
8.75% of £580 = 0.0875 x £ 
Gr Over 3 years the total income will be 3 x £ 50.75 = £152.25. 
owth: (b) Use the scale factor method, page 28, to increase by 8.75%. 
After 1 year the principal will be £580 x 1.0875 = £630.75 
After 2 years the principal will be 
£630.75 x 1.0875 = £685.94 
ipal will be £685.94 x 1.0875 = £745.96 


After 3 years the principal : 2 
3 years the principal — £580 x 1.08757) 


580 = £50.75. 


(or alternatively after 
The principal has grown by £745.96 — £580 = £165.96. 
Borrowing | 
of borrowing money to purchase 


pee Purchase, or HP, is a method JOTT 
Ousehold goods. A percentage of the total price is Р: 
Payment or deposit, and regular monthly герауте 
period. 

Interest is charged on the amount of the loan still outstanding and the 
monthly repayments are calculated so that the loan is paid off by the last 
Tepayment. 


aid at purchase as a down 
nts are made for a fixed 


а а cooker priced at £359 by an 


Exam = 2 
ple Calculate the extra paid in urchasin: 
р, ‘t ents of £15.25. 


H 
P scheme, deposit 15% and 24 monthly Раут 


The deposit is 15% of £359 = 0.15% 3906 £5388. 
ue 24 payments total 24 x £15.25 = £366.00. 
Total HP cost is £53.85 + £366.00 = £419.85. 

xtra paid is HP cost — Cash cost = £419.85 — £359 = £60.85. 


Saving and Borrowing 34 


А Repayment Mortgage is a method of borrowing money to buy or improve 
a house and works in the same way as Hire Purchase. A 95% mortgage over 
25 years means that 5% of the purchase price of the house must be paid as 
deposit and the remainder 95 % is loaned by the building society or bank to be 
repaid by monthly repayments over the next 25 years. 


Example А young couple decide to buy a house costing £30000. They are 
offered a 90% mortgage over 25 years, with monthly repayments of £215. 
Calculate the amount of deposit they mu 


St pay initially and the total amount 
invested in buying the house before they own it all. 


The deposit on a 90% mortgage is 

10% of £30000 = 0.10 x £30000 = £3000. The total monthly 
payments will be /215х 12х25- £64500, so the total amount 
invested in buying the house is £3000 + / 64 500 = £67 500. 


Example Recess credit card company charge 2% on any amount outstanding 
each month. In May Mrs Andrews receives notice that she owes Recess £184.36 
and she decides to pay £50. What will she owe in June if she makes no further 
purchases with her Recess card? 


After her payment of £ 50 has been received by Recess her account will stand 
at £184.36 — £50 = £134.36. ( 
Increasing this balance by 2% gives 1.02 x £134.36 = 


х £137.05 (20р), and 
her account will stand at £137.05 in June. ( ) an 


SAMPLE QUESTIONS 


(a) £225 at 12% 

at 14.3% (4) £2540 at 114% 

a um EM for income or Browth. At 

4) the tota income, b) th 

3 Miss Young bought a car Costing £6500 on HP. UR. Moris osit 
and 36 payments of 186.40. What was the total HP cost? ^^ 4 


2 Paulis considering whether to i 


from £13 560 at the start to 
*7 Mr Falltakes outa Life Polic at rate of interest is he receiving? 
к z t i 
£25 000 if he dies during the 6234 


he dies after 15 years what 
d? 


EVERYDAY ARITHMETIC 
2.3 Earning a Wage 2 


Rates of pay 

Employees are normally paid either each week or each month. The gross pay 
of weekly paid employees is often calculated at basic rate per hour for a basic 
working week, usually 40 hours. When extra hours are worked then overtime 
at a higher rate is paid. Monthly paid employees are paid an annual salary, 
and their gross monthly pay is calculated by dividing by 12. Sales staff are 
sometimes paid a basic wage plus commission, a percentage of the value of the 
goods or services paid. Production workers may be paid at piece rate, ап 
amount for each article or job completed, or paid a bonus for increased 


productivity. 
Example Mrs Smith works for 40 hours basic at £ 2.35 an hour, plus overtime at 


‘time and a half’. Calculate her gross pay in a week when she works 23 hours 
overtime on Wednesday and 5 hours on Saturday. 


The overtime rate ‘time and а half’ means 13 x £2.35 = £3.53 per hour. 
Mrs Smith's basic wage is 40 x £2.35 = £94.00. 

Her overtime pay is (24 + 5) x £3.53 = 7} x £3.53 = 226.44. 

So her total gross pay is £94.00 + £26.44 = 2120.44. 


Example Mr Macdonald is paid a basic annual salary of £6870 plus 10% 
commission on any sales above £800 per month. Find his gross pay in an 
exceptional month where he sells £3640 worth of goods. 


Mr Macdonald earns commission this month on £3640 — £800 = £2840, 
so his commission is 10% of £2840 = 0.10 x £2840 = £284. 

His basic monthly pay is £6870 + 12 = £572.50, 

so his gross pay this month is £572.50 + £284.00 = £856.50. 


Tax and deductions 
Every wage earner pays Income tax to the Government for public services, 


defence, etc. A tax free allowance is allocated depending on personal 
circumstances, and the remainder of gross pay, known as taxable pay, is taxed 
at a basic rate of 30 %, subject to changes in taxation policy. Higher rates of 
tax 40%, 45%, are charged if one's taxable pay is above certain limits. 


Gross pay — tax free allowance = taxable pay 


Other deductions include, National Insurance, for pension and sickness 
benefits, superannuation, for an increased pension, and other deductions, for 
special clothing, union dues, or fees. 


Gross pay — Deductions = Net pay 


Earning a Wage 36 


i an's 
Example Mr Brown has a gross monthly salary of £1037.80, a qa 
allowance of £26.50. He pays £56.93 National Insurance per month, 6 % 


i ax, 
superannuation and basic rate Income tax at 30%. Calculate his monthly t 
deductions and net pay to fill out his monthly payslip. 


Gross pay 1037.80 | Tax 30% x 777.30 
Taxallowance 260.50 


233.19 | Gross pay 1037.80 


National Insurance — 5693 | Deductions 352.39 


Sup. 6% x 1037.80 


6227 
Taxable pay 777.30 | Total deductions = 352.39 Net pay 685.41 
SAMPLE QUESTIONS 
1 MrjJohnsonis paid £2.20 


us 


per hour basic, plus overtime at ‘time and a half" 
for weekdays and Saturdays, and 


‘double time’ on Sundays. Find Mr 
Johnson’s gross weekly pay for: 


(a) a basic 42 hour week, (b) a basic 
week plus 34 hours Friday night and 2 hours Saturday, (c) a basic week 
plus 5 hours on Saturday and 43 hours on Sunday. 

Anne, Brenda, Chris and 


David work in different shops and earn £1.58, 
£182, £1.16 and £1.76 an hour 


respectively. Calculate the gross pay 
when: (a) Anne works 374 hours basic, (b) Brenda works 45 hours 
basic plus 3 hours overtime at ‘double time’, (с) Chris works 36 hours 
basic and earns £ 38.27 on commission, (d) David works 42 hours basic, 
2 hours at ‘time and a half’, and 4 hours ‘double time’. 
Calculate the net monthly pay of the following people if they pay basic 
rate Income tax at 30%: 
(а) Mrs Sultani, annual salar 76576, t Ё I 
£378.50, У 4 ‚ tax allowance £1375, N.I. 
b қ 
5 Tua 87955 4,9624, Super, £583.44, N.I. £558, tax allowance 
(c) Mr Biggs, gross £14624, Super. 7 
allowance £3115, 
Alan is paid £156.24 gross per week 
Mrs Fortune has an annua] taxable incor ааа Pay (52 weeks). 
the first £ 15000, 40% 
much tax does she p; 
1" қ 
Foe 5 даи wage: né ‘Year; She pave: 344 
ational Insurance, 286 on Protective clothi pays £ 
has a tax allowance of £2556. What is hi 5 
this on average each week? 
Miss Dahl is paid a basi, 
electronic board she co; 
she worked a total of 48 
each board take to finish о z 288 boards. How long did 
pay came to £86.36, n average? Find her vie 


% of gross, МА. £769, tax 


EVERYDAY ARITHMETIC 
2.4 Reading Tables 2 


Example Table 1 shows the dimensions of International Paper sizes. 

(a) What are the dimensions of A4 paper in millimetres? 

(b) Calculate the area of A1, A2 and A3 paper to the nearest square inch. 
(c) Express the relative areas of A1, A2 and A3 paper as a ratio. 

(d) Into how many sheets of А5 сап a single sheet of АО paper be cut? 


(а) The A4 row and the millimetres column give the size 210 x 297 mm. 

(b) The area of A1 paper is 23.39 x 33.11 sq in = 774.44 sqin = 774 sq in. 
Similarly: 
A2 paper has area 16.54 x 23.39 sq in = 386.87 sqin = 387 sq in, and 
A3 paper has area 11.69 x 16.54 sq in — 193.35 sqin — 193 sq in. 

(c) The ratio of areas of A1, A2, A3 paper is 774:387:193 = 4:2:1. 

(d) From the given dimensions, A1 paper can be cut into 2 sheets of A2, so 
1 sheet of AO = 2 sheets of A1 = 4 sheets of A2 =... 232 sheets of AS. 


International Paper Sizes British Public Services 


size (costs in £ millions) 
Designation mm in Expenditure 1960 | 1970 
A0 841 x 1189 | 33.11 x 4681 | | Defence 1612 | 2461 
Al 594x 841 |23.39 x 33.11 | | Roads 1722] 335 
А2 420 x 594 | 16.54 х 23.39 | | Housing 490 | 1213 
АЗ 297х 420 | 11.69 x 16.54 | | Education 917 | 2592 
А4 210x 297 | 827х1169 | | Social Services 1488 | 3908 
A5 148x 210 | 583х 8.27 | | Total 9400 | 21564 
1 
Table 1 Table 2 


Example T five particular Services, and the 
able 2 shows the amount spent on five p 1 
total expenditure on all British Public Services in 1960 and 1970. (а) How much 


More was spent on Defence іп 1970 than 1960? (b) Calculate the percentage 
Increase in i i tween 1960 and 1970. (c) Calculate the 
expenditure on Education Бе 1950 and 1970. (9) Which of 


Percentage inc 5 , n 
rease in total expenditure betwee | V 
е services shown had broportionally less spent on them in 1970 than in 1960? 


(a) The Defenc s the expenditure to 
million to £246 T iuam increase of 2461 — 1612 = 849 million. 
ducation expenditure increased from £917 million to £2592 million, 
2592 = 917 = 2,826 = 1 + 1.826, an increase of 183%. » 
() Total expenditure rose from 19400 million to £21564 million, 
21564 = 9400 = 2.294, an increase of 129%. й 
Percentage increases for each service are: Defence 53%, Roads 95 М» 
Housing 148 %, Education 183 %, Social Security 163%, Total 129 %. So 
the services on which proportionally less has been spent in 1970 are 
Defence and Roads. 


Reading Tables 38 


Example Table 3 shows sunrise and sunset times in London in 1976. (a) At 
what time did the sun set on July 4th? (b) How many hours and minutes of 
daylight were there оп April 4th? (с) What is the percentage increase in hours of 


daylight between January 4th and July 4th? 
(а) On July 4th the sun set at 2120 hrs, 9.20 pm. 


(b) Daylight lasted from 0629 hrs to 1939 hrs, which is 13 h 10 min. 
(c) 0806 to 1605 is 7 h 59 min, which is 479 min. 


0450 to 2120 is 16 h 30 min, which is 990 min, 511 min more. 
The percentage increase in daylight = 511/479 = 1.07 (3SF) = 107%. 


Sunrise and Sunset for London 1976 


Metric Equivalents 
Length 1 ft — 30.48 cm 
January 4 0806 1605 Area 154 yd = 0.836sqm 
April 4| 0629 1939 Capacity 1gal= 4.5461 
July 4 | 0450 2120 Weight 1lb= 0.454 kg 
October 4 0705 1834 Speed 1 трһ = 1.609 kph 
Table 3 


Table 4 


SAMPLE QUESTIONS 


1 Using Table 1: (a) What are the dimensions of А1 size paper in 


centimetres? (b) What is the perimeter of a sheet of AS paper in inches? 
(c) A sheet of A1 paper is folded in half three times and is then the same 
Size as another standard size. Which standard size is this? 

2 Using Table 2, how much more was spent on Education than Housing in: 
(a) 1960, (b) 1970? 

3 Using Table 3, calculate: (a) what fraction of July 4th is daylight, 
(b) the difference in hours of daylight between April 4th and October 4th. 

Using the information given in Table 4, express: 

(a) 3 feet in centimetres, 


А 1 (b) 100 gallons in litres, 
(c) 1 kilogram in pounds (Ib, (4) 50 kph in mph. 
Using Table 4, which is greater: 

(а) 10054 yd or 100m? (b) 200 gal ог 9001 (с) 5Кр or 1015 
(d) 2m or 7 ft (e) 50 mph or 80kph (f) 0.2 gal or 11. 


EVERYDAY ARITHMETIC 
2.5 Time 2 


Ba and 24 hour clock 
here are in common use two systems of recording time. Figure 1 takes four 


times during the day, and demonstrates how time is spoken, recorded in the24 
and 12 hour systems, and shown on à clock with hands. 


] min past 12 min to Half past three Quarter to 


midnight noon in afternoon ten (night) 
24 hour clock 1148 1530 2145 
11.48am 3.30 pm 945 pm 


12 hour clock 


Fig. 1 Different ways of recording time. 


orning and goes to 


e these times using the 24 and 12 
nutes Natascha was up 


Example Natascha gets up at three minutes to seven in the mi 


bed again at twenty past nine in the evening. Writ n 
hours clock systems and calculate how many hours and mi 


Out of bed. 
There are 60 minutes in 1 hour, 50 *three minutes to seven' is 57 minutes past 
6 o'clock, written 0657 hrs or 6.57 am (‘hrs’ may be omitted). 

There are 12 hours in the morning (am) 50 9 o'clock in the evening is 
2100 hrs in 24 hours clock time (12-- 9 = 21). ‘Twenty past nine’ is therefore 
written as 2120 or 9.20 pm. 


To calculate the time elapsed the temptation is simply to subtract the two 


24 hour clock times, 2120 —0657 = 1463 which is 40 minutes too much due to 
there being 60 minutes in an hour, not 100. The method below is easier to 
қабына and сап be done in Бош 21 жей Henr Cock НИЮ, 


иж өсіп woot Б 2120 
3 minutes + 14hours + 20minutes = 14h 23 min 
Timetables 


Ex 

Dy Use the Brightlington-Poolsberry railway t 

Poolsber, 9 at Brightlington station at 4.38 pm, which is 

train с, ry, when will it get there and how long will the journey take? 
ап | catch from Brightlington to arrive at Faringsham 


after 
noon? (c) larriveat Poolsberry station at 1038 to meet туа! е 
it if the train is announced as running 25 


from Bri 
: rightlington. Н 
minutes late? охоп. How long must | wai 


Time 40 


Brightlington | 4 | 0833 |0945 | 1054 1235 |1325 | 1427 |1533 | 1710| 1933] 2145 
Upper Gayford | 4 |0854| 1004| — | — 1347| — |1554|1732| — |2204 
Midlinghaven | 4 |0912|1022| — | — 1400| — |161211750| — |2222 
Faringsham d |0925|1035|1122|1304|1416| — |1625|1804| — 2235 
Poolsberry d |0938 1047 |1135| 1316| 1432| 1504| 1638| 1818| 2012| 2247 


(a) 4.38 pm = 1638, so the first train is at 1710, arriving at Poolsberry at 


1818, taking 1 hour 8 minutes for the journey. 


(b) To arrive at 1500, the 1325 is the latest possible train since the 1427 


doesn’t stop at Faringsham. 


(c) The 0945 normally arrives at 1047, but should arrive at 1112 if it is 25 


minutes late. 1038 till 1112 means a wait of 34 minutes. 


SAMPLE QUESTIONS 


1 


2 


3 


Bill gets to work at 9.55 pm, and comes off the night shift at 6.04 am the 
following day. What length of time has he worked overnight? 

My flight from Gatwick takes off at 1436 and is scheduled to last 4 hours 
35 minutes. When should we land? 


1.05 am, the following morning? 
The four laps of a relay race were run in 1 min 12 s, 


1 min 5 s. How long did the race take altogether and w 
time for each lap? 


Using the Brightlington- P. 
the last train from Brightli i ch Poolsb 
Tome s Denim ў г oolsberry before 


the morning, (c) the times of trains fr 


1 min 3 s, 58 s and 
hat was the average 


What date is it: (a) next 
Wednesday, (b) two weeks tomorrow, (c) last Saturday? Give the 
dates of the second Sunday in March, April and May. 

Mrs Bersil's washing machine has а programme which soaks for 25 
minutes, washes for 12 minutesand finishes with 3 rinse cycles each taking 
18 minutes. When will this programme finish if she starts it at 
(a) 11.22am, (b) 10.55 pm? 


БЕКЕР o 
MEASURING 3 


кай 1 sed for тапу measurements nowadays, 
gh there are instances when the Imperial system 1$ still used. Much of 
the work in GCSE mathematics will use the metric system, but candidates 
must also be familiar with the Imperial units in common use and be able to 


convert between the two systems when required. 


The Metric system of units is u: 


Metric units 

Length 

Length is based on the metre. 
Equator was originally taken à 


The distance from the North Pole to the 
s 10000 000 metres. 


= x 1000 
n x 1000 x10 pm 
kilometre | <———| metre <— | millimetre 
(km) (m) (mm) 
1 Кт = 1000 т 1т = 1 ст = 10 тт 
0.001 km = 1 m 0.01 m = 1 ст 0.1 cm = 1 mm 
Mass 
Mass is based on the gram, the mass of 1 cm? of water. 
x 1000 x 1000 x 1000 [—— 
metric tonne X — | kilogram <-- жат p€-—— milligram 
(tonne) (kg) (g) (mg) 
1 tonne = 1000 kg 1 kg 10008 1 g= 1000 mg 
0.001 kg = ! g 0.001 g= 1 mg 


0.001 tonne = 1 kg 
Volume or Capacity 


millilitre 
(ml) 
x 1000 x 1000 on x 1000 n 
ЖЕ -- cubic а. cubic 
centimetre millimetre 
(cm?) (mm?) 


ү = 1 am? = 1000 ml = 1000 са” (cc) 


x 100 «10000 х10000 x 100 
ISTE tà 


square square square square 
kilometre hectare metre centimetre millimetre 
(кт?) (һа) (т?) (cm?) (mm?) 


Lk? 1000 ra x 1000 m -- 1000000 m* 1 ha = 100m x 100m = = 
1 m? = 100 ст x 100 cm = 10000 cm? lcm? = а. 
2 m 


— cli. 


m 7 24 x60 - x 60 
year 2 SE [week | 2 day |= hour |< minute | «—— | second 


(h) (min) (s) 


Units 42 | 

Time | 

1 

х 365 

or х 366 in leap year 1 
Common imperial units | 
The numbers in the Imperial system are much harder to learn, but you should | 
know this basic list of units and approximate Imperial-Metric conversions. 


Length х 36 


х 1760 х3 х12 = 
<— | yard | «————— | foot —— — — — | inch £ 
(yd) (ft) (in) 


5 mile x 8km lydxzlim lin ж 2.5 ст 


Mass 
* x 2240 
- 
x20 5 х8 х1 
ton | <—— | hundredweight |< stone |< pound |< ounce 
(ton) (cwt) (st) (Ib) (oz) 
1 ton = 1 tonne 11b 2 0.5 kg loz% 25р ' 


Capacity 


x8 x20 | 
gallon | <——— int | —— ——— | fluid ounce | 


1 gal = 4.51 lptz 0.51 = 500 ml 


Example (a) Convert 2 ft 4in into metres, using 1 іп = 2.5 cm 
(b) [London to Manchester 184 miles 


Use 5 miles аг 8 km to convert this distance into kilometres. 

(a) 2ft4in-(2x12--4) in = 28 in = (28 x 2.5) em = 70 cm =0.7m 

(b) 5 mile + 8 Кт, dividing by 5 gives 1 mile = (8 + 5)km = 1.6 km 
So 184 mile ~ (184 x 1.6) km = 294.4 km = 290 km (2SF) 


Example Which is more, 210 or 125g of tea, given that 
How should 125 g be priced if 110 of tea costs 42р? 


116 = 402 = (4 х 28.35) р = 1134 g, so 125 g is the bigger amount. 

4 Ib of tea costs 42р so 113.4 g of tea would be priced at 42p. 

Therefore 1 в of tea would be priced at 42p = 113.4 = 0.370p, 

and 125 g of tea should be priced at 0.370p x 125 = 46.25р = 46р. 


1 oz = 28.35 gl ? 


43 Units 


When a change of units is to be used ‘in reverse’ it is helpful to write out the 
conversion using scale factors, as shown in the next example. 


Example Use the conversion |1 pt = 0.56 I | to calculate how many pints are 
contained in a 3 litre wine box. 


1 pt = 0.56 1 means that pints may be converted into litres by multiplying by 
0.56, but this also means that litres may be converted into pints by dividing by 
0.56 as shown below. 


x 0.56 


x 


So 31 = (3 + 0.56) pt = 5.4 pt (2SF) 


Example Ап estate agent measures a room as 9 ft 9 in by 12 ft 10 in. Use the 

conversion |1 m = 39.4 in| to write these lengths in metres. Carpet is sold from a 

roll 4 m wide. What length of carpet will be needed to completely cover this room? 
x 39.4 

The conversion 1 m — 39.4 in means 3-2 | inch 
+39.4 

9 ft 9in = (9x 12+9) in = 117 in = (117 + 39.4) m = 2.97 m (3SF) 
12 ft 10in = (12 x 12+ 10) in = 154 in = (154 + 39.4) т = 3.91 m (3SF) 
The dimensions of the room would be written 2.97 m by 3.91 m. 


The 4 m width of the roll will allow the full 3.91 m length of the room to be 
covered, so the length needed is 2.97 m, or 3 m for cutting. 


Currency conversion 

When British currency is to be exchanged for foreign currency the current 
conversion rate is used. These rates, published daily in the newspapers, 
fluctuate depending on the strength of the particular currency involved. 


Francés... 3 enka eas 11.65 francs |Germany........... 3.81 marks 
О ҮКҮ hk sey 2555 ша | Holland........... 4.29 guilders 
SPA is 2 қас? 221.75 pesetas | United States ........ 1.39 dollars 


The *France' row means that: 
1 pound sterling may be exchanged for 11.65 francs. 


Example Use the table above to convert: 
(a) £300 into US dollars, (b) £58.65 into Deutschmarks. 
ы х 1.39 
(а) The conversion means pounds sterling | =———*| US dollars 

71.39 


So 2300 - (300 x 1.39) dollars — 417 dollars. 


Units 44 


(b) 458.65 = (58.65 x 3.81) marks = (223.4565) marks — 223.46 marks, 
rounding to a whole number of pfennings, (100 pfennings — 1 mark) 


When converting back into pounds sterling from a foreign currency, the 
conversion rate back into pounds will give a lower rate of return. 


Example A family, travelling to Sweden, change £500 into kronor using the rate 
£1 — 11.44 kronor. How many kronor will they receive? On their return journey 
they change their remaining Swedish money, 1550 kronor, for £134.20 sterling. 
What exchange rate have they been given? 


£500 = (500 x 11.44) kronor = 5720 kronor. 
On return they receive £134.20 for 1550 kronor, so dividing by 134.20, 
ЖІ = (1550 + 134.20) kronor = 11.55 kronor. 


SAMPLE QUESTIONS 
1 


Rewrite the first quantity in the Second units: (a) 2[3cm, m, 

(b) 56kg, g, (c) 075 km, m, (4) 50 mg, g, (е) 225 ml, cm?, 

(f) 341, m3, (g) Syd 2 ft, ft, (h) 9 st 13 Ib, Ib, (i) 5fl oz, pt. 

Sk, given as 255 CC, in litres. 

3 Total these weights in kilograms: р 35 Кр, 2.6 tonne, 0.54 kg, 
(b) 38 tonne, 450 kg, 23 tonne, (с) 355 5, 28.5 kg, 22500 mg. 

4 Calculate the area of a rectangular field, 350 m wide and 0.62 km long: 
(a) in square Metres, (b) in square kilometres, (c) in hectares. 

5 Convert the first quantity into the second units: (a) 51b, kilograms, 
(b) 3 in, centimetres, (с) 1500 уа, kilometres, (d) 200 gall, litres. 

6 Use the conversion p to write: (а) 30 litres in 
Pints, (b) 24 pints in litres, (c) $ pint in millilitres, 

7 The world’s heaviest man weighed 485 kg when he died 


Use g to write his weight in: (a) lb, (Ы) st and Ib. 
8 Use the table of currency conversions 


10 Use 1116 = 045 kg} to calculate the equivalent cost of al.5 kg bag оГ 
flour if a 3 Ib bag costs 39р. 

ш Celsius CC) 9 [3] [9]. [33У]. Fahrenheit CF) Use the fow 
diagram to convert, (а) 36.9°C to °F, (b) 72.5°F to °C. 

12 Wine is often sold іп 70 cl capacity bottles. (1 cl = 0.01 1). Calculate how 
many glasses may be filled from a case of 12 such bottles if each glass 
holds 2 fluid ounces. Оѕе[1 pint = 0.568 litres 


MEASURING 
3.2 Length 3 


Estimation 

When estimating distance, a reference length is needed. Common reference 
lengths are the height of a man or doorway often taken as 2 m, the height of a 
room 3 m, or the width of a hand 10 cm. 


It is important not to overstate the accuracy of an estimated length, and 
usually an accuracy of 1 significant figure is sufficient. 


Example Figure 1 shows an accident report map, marking roughly the path of a 
car which collided with a bus and then hit a tree. Assuming that the car is 14 ft long 
estimate the length of the bus and the distance travelled by the car between hitting 
the bus and stopping at the tree. 


final position 


of car f 


Fig. 1 Accident report. 


Fig. 2 New Fire Station. 


The length of the car on the diagram is measured as 13 mm, so an 
approximate scale would be 1 mm to a 1 foot. 

The bus measures 4 cm in length so its length is estimated as 40 ft. 

The distance between the bus and the tree is measured as 6.2 cm so an estimate 
is 62 ft, which is 60 ft to 1 significant figure. 


Length 46 


Example Figure 2 shows a scale diagram of a new Fire Station. Estimate the 
height of the tower and the length of the building. 


The height of the fireman may be estimated as 2 m, to the nearest metre. 
Measuring from the diagram the fireman is 1 cm and the tower is 5 cm high, 
and so the height of the tower may be estimated at 5x 2m — 10 m. 

The length of the building measures 3.9 cm on the diagram so may be 
estimated as 39x2m 278m = 8m to the nearest metre. 


Reading linear scales 


Example Use the scale to read off the values shown by the markers. 


4 5 260 300 
! 
(а) (b) (c) di 


On the first scale there аге 10 small divisions between 4 and 5,so each division 
is 0.1. So marker (a) is pointing to the value 4.3. 
Marker (b) is halfway between 4,7 and 4.8 so the value is 4.75. 

On the second scale there are 10 divisions between 260 and 300, so each 
division is 40/10 — 4. So marker (c) is pointing to the value 268. 

Marker (d) is nearer to 284 than 280, so the value is approximately 283. 


Scale diagrams 
A scale diagram isa drawing in which a 
scale. The scale may be marked like 


Scale length (cm) 0 05 1 15 2 25 3 35 4 45 


True length (m) 0 20 40 60 во 100 120 140 160 180 


Example Тһе Town plan shown in Figure 3 (see p. 47) is mai 
squares of side 200m. Calculate the distance (a) from the Station to the Red 
Lion, (b) from the garage tothe hospital, (c) from the car park to the cinema 
via the town centre, (d) Find the area of the playing field, 


rked with a grid of 


The grid squares have edge 2 cm, so the scale is 2 em : 200 "— 

(a) From the station 10 the Red Lion is 2 €m, representing 200 m. 

(b) From the garage to the hospita] is Scm, representing 500 m. А 

(c) From the car park to the town centre is 4 cm and from the town centre t 
the cinema is a further 3 cm, total 7 ст, representing 700 m. ea 

d) The field measures 1.5 DIU 25 ry sepes ing 150 m э 250 әрін 

| of 37 500 m°, 40000 m" (1$Е). 


47 Length 


Station 


Hospital 


T 
Red 
lion 


Fig.3 Town centre. 


Example Figure4showsthe existing 
house and garage and the proposed 
new garage at 1, Field Close. Calculate 


the dimensions of the new garage, and Е 
the length of the drive both before and Fig. 4 New garage. 


after the new garage is built. 


Thedivisions on the marked scale are 
1 ст apart, each representing 2 m. 
The new garage measures 3 cm long 
by 1.5cm wide on the diagram, 
which represents true dimensions of 
6m Бу 3m. 

The drive measures 5.4cm before 
and 24 cm after the new garage is 
built. 1 cm represents 2 m, so 0.1 cm 
represents 0.2 m, 0.4 cm represents 
0.8 m. The length of the drive will be 
reduced from 10.8 m to 4.8 m. 


existing 
garage 


1 Field Close 
house 


proposed 
new 
garage 


Scale O 2 4 6 metres 


The scale length chart is shown -----------------l---... 
below. 


Scole length (ст) 0 05 1 15 2 24 3 35 4 45 5 54 


True length (m) o ! 2 3 4 48 6 7 8 9 108 


Length 48 


Drawing scale diagrams 
Use the following hints when drawing a scale diagram. 
If you have to choose a scale make sure that the diagram will fit on your paper 


and almost fill it. Sketch a rough outline of your diagram first on another piece 
of paper so that the final versinn is centred on the paper. 


Write down the scale you are using clearly at the top of your diagram. 
Calculate the corresponding scale lengths using a conversion table. 
SAMPLE QUESTIONS 

1 Estimate the width of the road in Figure 1. 


2 Estimate the height and width of the pair of double doors of the Fire 
Station in Figure 2. 

3 Calculate the dimensions of (a) the house, 
Figure 4. No. 1, Field Close isa two storey hou 
on both floors. Calculate: 


(b) the existing garage ІП 

se with the same floor area 

(c) the existing floor area (house and garage) 

(d) the new floor area (including the new garage), (е) the percentage 
increase in floor area. 

4 Calculate the true distance 


г between the following places drawn in 
Figure 5. (a) London, Paris 


» (b) Berne, Rome, (c) London, Rome: 


London 


S @ 


Rome 


0 500 1000кт Fig.6 Ground Beetle, 9 times life-size- 
—— Q 


Fig.5 Airline routes. 


5 Using the scale diagram drawn in Figure 6 find 
beetles body, (Б) the maximum width of the beetle's body. 
average length of the beetle's legs. И 

6 Froma diagram with scale 1 cm to 25 cm, cal 
following scale length: 
(е) 41cm, (f) 83 тт. | 

7 Calculate the scale length needed to represent 4.50 m on a drawing with 
the following scale: (а) Ї ст to 1 т, (b) Іст to 2m, (c) 1 mm 10 
4m, (d) 2cm to 1m, (е) 5cm to 1m, 
(f) 3cm to 0.5 m. 


the length of the 
(a) the leng (© the 


culate the true length of the 
(a) 3cm, (b) 11 ст, (c) 0.2 ст, (d) 3.6 ст, 


MEASURING 3 
3.3 Scale 


Scale ratios 


Example A design of a new kitchen is drawn to a scale of 1:20. Thelength of the 
kitchen is 18 cm and the new sink unit is 7.5 cm on the plan. What are the true 
dimensions? The new hob unit measures 50 cm by 60 cm. What size should it be 
drawn on the plan? 


x 20 
The ratio of lengths is 1:20, |scale length 0 true length 


so the true length of the kitchen will be 18 cm x 20 = 360 En = 36 ш, m 
and the true length of the sink unit will be 7.5 cm x 20 = 150 cm = ^ ? 
The dimensions of the new hob unit must be divided by 20 to fit the scale, so 
they will be 50 cm + 20 by 60 cm + 20 = 2.5 cm by 3 ст. 

The Landranger Series of maps produced by the Ordnance € ide шан 
toa scale of 1:50 000. 1 cm on the map is 50000 cm = 500m — rs шз 
ground. The length scale factor is 50000, which means that апу сай - 
ground is 50000 times longer than the corresponding lengt : f 
Example Oxf. 7 аге 28 cm apart опа Landranger O.S. map. How far 
арап are they олс Bicester is 18 km from Oxford, how far apart will 
these towns be drawn on the same map? 


| map distance] Pi тте [ree distance | 
+ 5 


14 000 m — 14 km. 


Oxford to Witney is 28 cm x 50000 — 1400000 cm — 
Oxford to Bicester is drawn as 
18 km + 50000 = 0.00036 km = 0.36 m = 36 cm. 


Scale changes on area and volume 
"Two objects are similar if one is an exact en E 
hen a scale of 1:n is being used for an enlargement: 


largement of the other. 


the length scale factor is n 

the area scale factor is Ё 
пхп = п? 

the volume scale factor is 
пхпхп=п3 Fig.1 Length x3 area x9 volume x27. 


it in the first example 
Example Verify that the area scale factor for the new hob unit in the 
18 400. 


With a scale of 1:20 the area scale factor should be ШШЕ kA d 
п the plan the unit is drawn as 2.5 cm by 3 cm, so has a of 3000 em? 
he real hob unit has dimensions 50 cm by 60 cm, with an are : 

So the area scale factor is 3000 + 7.5 = 400. 


Scale 50 


With a scale of 1:20 it is easy to think that all measurements have the same 
scale, but area, volume, and mass will have different scale factors. 


*Example An exact scaled down replica of a stone statue has height 19.5 cm 


4 A е 
and mass 2.3 kg. If the full size statue is 1.56 m high find the scale used and th 
mass of the statue. 


Working in centimetres, the scale factor is 
156 + 19.5 = 8, so the scale is 1:8. The " 
volume scale factor will be 8x 8x 8 = 8? = 512. 


Fela The masses of the statues will be proportional 
қ to their volumes and so the mass of the full 
Mass Size statue will be 
1:512 512x 23 kg — 1177.6 kg — 1180 kg (3SF) 


(Figure 2), 
Fig.2 Similar statues, 


SAMPLE QUESTIONS 


1 Amodelofashipis20 cm long,5 cm wideand hasa mast 12.5 cm high. If 
the real ship is 70 m long, how wide is it and how high is its mast? 
2 Copy and complete the table 


ground distance 10 km | 15 im | 1 km | 600 m 
Е. 


map distance 8cm 1 15cm 


2mm 


ngths on the ground do the 
(с) 4mm (4) 0.8 m. ч 

m and a scale factor 3 enlargement of it. 

ger rectangle? Give the area scale factor. 

5 How many square centimetres are there in 1 m?? How many cubic 
millimetres are there іп 1 km3? 

*6 A photograph ofa tower is enlarged so that the new image of the tower is 
4 times as tall. If the cost of photographic paper for the enlargement is 
£2.56 how much did the paper for the original photograph cost? 

*7 Two similar cans of soup have heights 8 cm and 12 cm. The smaller can 
holds 250 ml. How much does the larger can hold? 

8 Usinga scale of 1:50 draw a net of a cuboid of length 8 m, width 5 m and 


height 7.5 m. If the net was made up into a cuboid how many would fit 
into the large cuboid? 


9 Figure3showsa plan ofa house 


drawn to а scale 1:150. kitchen 
What are the true dimen- 

a of the kitchen, lounge and punge 

hall? 

(b) What is the ground floor 

area? 


Fig. 3 House plan, scale 1:150. 


MEASURING 
3.4 Angle 3 


Angles 
The basic unit of turning, the angle, is usually measured in degrees. 
Figure 1 shows the common angles: 


(a) full turn — 360 degrees, 
written 360°, a> [180° ka 
(b) half turn = 180°, the angle on a 
line, (a) 
(c) quarter turn = 90°, a right 
angle, 


(d) eighth turn = 45°, half a right 
angle, A aso / “60% "kao" 


(e) sixth turn — 60^, angle in an 
equilateral triangle, (9) (е) (0) 
(f) twelfth turn = 30°, half of 60° Fig. 1 Common angles. 
or one third of a right angle. 
Angle work may also involve clock faces, compass directions or bearings. 
Bearings are measured clockwise from North and written as а 3 digit number. 


The direction East would be on a bearing of 090°. 

Example Find the angle turned in the following cases: (a) start facing North, 
turn clockwise until facing South West; (b) bythelargehand, (c) bythe small 
hand of a clock, between 9.00 pm and 9.20 pm; (4) start on a bearing of 030% 
turn anticlockwise to a bearing of 340°. 

Draw a simple diagram in each case (see Figure 2), marking the angle needed 
by an arc. 


N a, 2) N 
. . 340% 030% 
10. E 
w E әб. 
в” 
. 
sw 3 та: 
(a) (b) (c) 


Fig.2 Calculating angles. 


(a) Between North and South is a half turn, 180°, and between South and 
South West is half of a quarter turn, which is 4 of 90° = 45°. The total 
angle turned is 180° + 45° = 225°. 

(b) Turning from the 12 to the 3 is a quarter turn, 90°, and between 
the 3 and the 4 is one third of a quarter turn, which is 
4 of 90° = 30°. The total angle turned is 90° + 30° = 120°. 

(c) Between 9.00 pm and 10.00 pm the small hand will turn one twelfth of a 
full turn, which is (5 of 360° = 30°. Between 9.00 pm and 9.20 pm is 20 
minutes, one third of an hour, so the small hand will only turn one third 


of this angle, $ of 30° = 10°. 


Angle 52 


р o d 
(d) Turning anticlockwise between 030° and 000° (due North), is 803 
between North and 340? is a further 20°, a total of 30° -- 20? = 50°. 


Angle sums and parallel line properties 


The angles at a point add up to 360* 


In Figure 3, x° + 290° = 360° 


and so x? = 70° Fig. З Angle at a point. 


The angles on a line add up to 180" | ng 


: й 309 ye 
In Figure 4, у° + 30° + 1105 = 180* 


and so y? — 40% Fig. 4 Angle on а line. 


When two lines cross, two 
opposite angles are made. 


In Figure 5, the angle a^ is Opposite 40* so 
а? = 40°, and b° = °° = 140° 


Pairs of equal vertically 


A transverse line cutting two parallel lines produces 

equal corresponding and alternate angles. g^ 
In Figure 6, d° isa corresponding angle to 72% so i 

4° = 72°, and e is an alternate angle to 72°, v2 

50 e^ = 72°. All the other angles at these points es 

are 72% or 1082, 


Fig.6 Angles on parallel 

lines. 
stimating angles А тн 
es may be estimated by comparing with the standard angles, 360°, 270°, 
180°, 90°, or for smaller angles the fractions of a right angle, 45°, 30° and 60°. 


қаң 7 "m 

timate the angles marked in Figure 7: (a) between the crane ji 
Бахш КЕШ (b) turned by the window, (с) turned by the swing door, 
(o the bearing of the mast from the church. 


; than right angle, 90°, but more than an eighth turn 45°. 
a ee weise compare with the angle of an equilateral triangle, 
28 a the crane angle is just a little more, say 70°. | 
Өзу w^ dow has turned through almost a half turn 180°, so consider 2: 
(b) ата to complete the half turn. This angle is approximately һа 
angle 


53 Angle е 
of 45°, say 20°. So the window has turned through 180° — 20° = 160°. 


N 
4 » RD 
(3 . Church 
Mast 
(a) | (с) P o 


(b) 
Fig. 7 Estimate the angles marked. 


(c) The swing door has turned through more than a three quarter 
turn, 270°, but less than а full turn 360°, so consider the 
angle needed to complete the full turn. This angle is slightly 
less than 45°, say 40°, so the swing door has turned through 
360° —40* = 320°. 


180% 
эо° 45° 
бог 207 ж шан 
160% 30° 
70°, 
Құю 
(о) (b) (e) 


Fig. 8 


Figure 8 shows the required angle and some of the reference angles used 
for comparison. 

(d) Draw a North line from the church and mark the angle required to turn 
clockwise from North to face the mast. This angle is more than a half 
turn, 1807, so mark the 180% angle and consider the remaining angle. 
This angle is approximately 45%, so the bearing of the mast from the 
church is 180° +45° = 225°. 


Measuring angles 

Angles are measured using a protractor, either semicircular marked 0° to 
180°, or circular marked 0° to 360°. A circular protractor has advantages for 
angles greater than 180^, in bearings work for instance. 

Place the protractor so that the centre and the 0° mark lie on one line and 
then read off the angle by following the scale round to the other line. There аге 
frequently two scales marked clockwise and anticlockwise and it is a common 
error to read the wrong scale. Р 

Make an estimation of the angle first and then compare this with the 
Protractor reading to avoid such errors. 
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SAMPLE QUESTIONS 


1 


Calculate the angle turned in degrees: (a)two thirds of a full 
turn (b)one tenth of a full turn, (c)a sixth of а right 
angle, (d) between West and North East, clockwise, (e) between bear- 
ings 170° and 275°, anticlockwise, ( f) by the large hand between 2.15 am 


and 3.55am, (g) by the small hand between 12 noon and 9.30 pm. 


Find the unknown angle or angles marked in Figure 9: 


Fig. 9 
Estimate: (a) the angle which t 
horizontal, (b) the angle which t 


vertical, (с) the angle of depression (below horizontal) of the telescope 
on the clifftop, (4) the angle Бе 


he greenhouse roof makes with the 
he guy ropes of the tent make with the 


tween the roof lines (see Figure 10). 


Fig. 10 (a) greenhouse (b) tent (c) telescope 


A yacht sailed the course shown in Fi igure 11. Copy and complete the table 
showing distances and bearings on the first 3 | 


1 egs of the trip. From the 
diagram work out the final distance and bearing needed to return to the 
start point. 


(d) roof lines. 


Па | [3] 


Distance (km) | 30 
Bearing (^) 072 


N 


Start Scale 1ст to 5km 


Fig.1l Sailing a course, 


MEASURING 
3.5 Perimeter 3 


Perimeter of rectilinear shapes 
The total distance around a flat shape is called the perimeter. 


(a) A H E D (b) y 8mm к 
2cm E 
5ст 
M L N 
JKLM is a parallelogram 
8 8 ст с KLN is a equilateral triangle 


Fig. 1 Perimeter of simple shapes. 


Example Calculate the perimeter of the shapes drawn in Figure 1. 


(a) When finding the perimeter of a shape built up from rectangles begin by 
marking every part of the perimeter with its length. So using CD, 
AB = 5cm, AH = (8—3—1)cm = 4cm and GH = 2cm, like EF. 
Then the perimeter is (5+8+5+1+2+3+2+4)cm = 30 ст. 

(b) Since JKLM is а parallelogram, ML = JK = 8 тт, 
KL=JM=5mm, and since KLN is an equilateral triangle, 
LN = KN = KL = 5 тт. So MN = 13 mm. Then the perimeter of 
JKNM is (8+5+13+5) mm = 31 mm. 


Pythagoras’ theorem л 
This result is used to calculate the 
third side of a right-angled triangle 5 b 


from the other two sides. In Figure 2 
a+b -c ог 8 7) 2 
BC? + AC? = AB? 
Fig.2 Pythagoras' theorem. 


Example Find the longest side of a right-angled triangle with shorter sides 
3.2 cm and 4.5 cm. 


Use the notation of Figure 2, with BC = 3.2 cm and AC = 4.5 cm. 


Then BC? + AC? = AB? 
So (3.2)? + (4.5)? = AB? 
Using a calculator 30.49 = AB? 
Square root both sides 5.522 = AB 


So the longest side is 5.5 ст (2SF). 


“Example Figure 3 shows a fishing rod RS of length 2.3 m, with 5.8 m of line 
Cast out to a fish at F. The tip of the rod S is 1.3 m above the water W. Calculate the 
distance of the fish from the base of the rod. 
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The diagram shows two right-angled triangles, RSW and FSW. 


23m зт 5.8m 


Fig. 3 Fishy problem. 


In triangle RSW In triangle FSW 


RW? + WS? = gs? 


FW? + WS? = Fs? 
RW? (L3? = (23) FW? + (13) = (5.8)? 
RW? +1.69 = 529 FW? + 1.69 = 33.64 
RW? =36 FW? = 31.95 

RW = 1.90 (SF) 


FW - 5.65 (35Е) 


Then the distance from the rod to the fish is (1.90 + 5.65) m = 7.6m QSF). 


SAMPLE QUESTIONS 


l Calculate the perimeter of a football 


Pitch, 54 m by 23m. 
2 Calculate the perimeter of the shapes 


in Figure 4: 
T Sem {вст 150 cm. 
25cm Ч 
Бе EL 
[cm 
(a) (эһ 


Sse > (bd 
O.8km 35km 16km 540cm 


Fig. 4 Perimeter of shapes, 


3 Find the length of a ladder which Teaches a point 4.7 m up a vertical wall 
when resting with its feet level 1.8 m from the wall. 

4 A children's play area has been made by marking out a corner of a 
rectangular field as shown in Ғірш 


ге 5. Calculate the distance FG, and the 
cost of erecting a perimeter fence at £4.50 per metre round the area. 


21m 


F 15cm 
18m 


Fig. 5 Play area. Fig.6 Kite. 


imeter of the kite drawn in Figure 6. 
he perime E 
*5 Calculate t 


MEASURING 3 
3.6 Circles 


А circle is the set of points in a plane which lie at a constant distance, the 
radius, from a fixed point, the centre, see Figure 1. | қ 

The distance across а circle, called the diameter, is twice the radius, and 
around the edge, the perimeter, is called the circumference. 


Circle formulae 

For a circle, radius r, diameter d, 

circumference C, and area A, 
=2nr=nd, A= nr, 

Where л = 3 (1SF)—for rough work, 

7 = 3.14 (35Е)- for most purposes, : 

л = 3.1415927— calculator л button. Fig.1 Vocabulary of circles. 


Circumference 


Example Calculate (а) the area of a coffee table 52.4 ст in diameter, 
(6) the circumference of a wheel of radius 23 cm. 


(а) Use A = n, with n = 314 and r= 4 of 524 cm = 262 cm. The area 
is 314x (26.2)? cm? = 21554216 cm? = 2160 cm? (35Р). Uring 
the л button on a calculator gives an зас о 
2156.5149 cm?, which rounds to the same final value. Press 


Ы Bowe В 


(b) Use С = 2zr, and the same values for л and r. The circumference is 
2x3.14 x 26.2 cm = 164.536 cm = 165 cm (3SF). Using a calculator 
7 button gives 164.61946 cm — 165cm (3SF), as before. 


Example A gardener is considering laying a lawn on a rough piece of стапа от 
across. Calculate the area of turf and the length of metal edging strip le er 
lays (a) a circular lawn, (b) a square lawn 5 m across. Turf costs ұлы ын 
Square metre and edging costs 78p per metre. Calculate the total cost in each case. 


221 


diameter 5m edge 5m 35m 


Fig.2 (a) Circular ог (b) square lawn. Fig.3 Safety zone. 


Begin by drawing a diagram to show the two cases, see Figure 2. 


(а) The radius of the circular lawn will be 3 of the Bas 
i of 5m —2.5m, and take л-3, remembering this is a ps 
estimate for л. The area will be 3x (2.5)? m? = 18.75 m^, and s 
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the gardener should order 20 m? of turf. The circumference will 
be2x3x25m- 15 m, so order 16 m of metal edging strip. 

(b) The area of the square lawn will be (5x5) m? = 25 m?, and the 
circumference will be 4x 5m — 20 m. 


Costs Turf | (a) 20 m? at 48р — £9.60|(b) 25 m? at 48p £12.00 
Edging lémat78p £12.48 20 mat 78р £15.60 
Total £22.08 £27.60 


Arcs and sectors 


*The length of an arc and the area of a sector may be calculated as a fraction 
of the circumference and area of the circle. 


“Example A shot-put safety zone is in the shape of a sector of a circle, radius 
35 m, with an angle of 40° at the centre, 


Calculate, to 2 SF, (a) the area of the 
safety zone, and (b) the length of rope needed to erect a simple rope barrier 
around the edge of the zone. 


Figure 3 shows the zone, marking the radius and the angle at the centre. 
(a) The area of the Sector, angle 40°, 


of the complete circle. 3% 
(3.14х 352) m? = $ of 3846.5 


=, and so the zone has area $ of 
т? = 430 m2 (2SF), 


24.4 + (2 х 35) m = 944 m= 


SAMPLE QUESTIONS 
1 Calculate, accurate to 3 SF, the Circumference and area of the 
circle with the following dimensions; (a) radius 165 mm, 
(b) radius 8.7m, (с) diameter 25km, (4) diameter 0.025 ст, 
(е) diameter 3 inches. 

2 Calculate the length of neon tubing needed to make an Olympic symbol 
with 5 circles of 4.2 m diameter. 

*3 Calculate the length of curved curtain track needed for а bay window in 
the shape of a sector, angle 160%, of a circle radius 2.8 m, 

4 Arunning track 3 m wide has two straights of length 104.5 m and two 
semicircular curved ends of inner radius 30.4 m. Calculate the overall 
length of the inner edge and the area enclosed by the track. Calculate the 
difference between the lengths of the inner and outer edge of the track. 

*5 А baseball ground is shaped like a Sector, angle 95°, of a circle of radius 
105 m. Calculate its: (a) area, _ 0) perimeter fence length, 
del train track has: 18 straight sections each of length 420 mm; 6 
те he shape of an arc, angle 30°, оға circle radius 540 mm;9 curves 
Шу sn f an arc, angle 20°, of a circle radius 720 mm. Calculate the 
in the shape о le length of a train circuit, 
greatest possible 


MEASURING 
3.7 Area 3 


The area of a shape is the amount of space within its boundary. Area is 
measured in square units, for instance square metres, written m?. 


Estimation of area 
Area may be estimated by counting squares as shown in the next example. 


cm 
0 


2 


(а) (b) 
Fig. 1 Counting squares. 


Example Figure 1(a) shows a simple train motif to be sewn on to a child's 
Jumper. Use a 1 centimetre grid to calculate the area of the design. 


Each square has area 1 cm?, The squares and part squares within the 
boundary have been numbered in Figure 1(b) in order to count them. Two 
half squares have been labelled 3 and the three wheels have been numbered 5 
Since the area of each is roughly one third ofa square. The approximate area is 
therefore 5 Square centimetres, written 5 cm?. 


Area formulae 


Area of a rectangle — length x breadth 
Area of a square — (length)? 
Area of a right-angled triangle = 3 (length x breadth) 
Fi Area of a general triangle = $ (base x height) 
‘gure 2 gives a simple example of each shape with the area grid marked. 


Rectangle Square z 
area = (2x4) mm? = 8mm? area = (3x3)mm = 9mm 
! J2[sT[4] [1[2[3] 
2mm 5 3mm [5|e| 
сав 1819) 
4mm 3mm 


Right-angled Triangle 


eral Triangle 
area = 3 (4x2)mm* = 4 mm? Gen 9 


2 
orea = $(5x 2) mm = 5тт 


d 
E 2mm 3% femm 
3421 112 3/1 [2154 
4mm Smm 


Fig. 2 


Area 60 
The area of composite shapes may be calculated by splitting into standard 
shapes and using the formula for each one. 


Example Find the area of (a) the lounge dining room drawn in Figure 3(а) 
and (5) the plot of land in Figure 3(5), accurate to 2 significant figures. 


diningroom 


2.6m 


107 ft 


5.2m 


lounge 


85ft 


EXE 28! 
Fig.3 (a) Lounge dining room. (b) Plot of building land. 


(а) The lounge dining room is made up of two rectangles, with dimensions 
5.2m x 3.1m and 34 mx 2.6m, 


since the length of the dining room is 
(6.5 —3.1) m, which is 34 m. 
The area is (5.2 х 3.1) + (34 x 2.6) 
(b) The trapezium shape may be Split int 


right-angled triangle, base 28 ft and height 22 ft 
The total area is Q8x 85)--108 x 2 


: “ёр ion if е o culate the approximate number of 
facing bricks used in its construction if each brick's face measures 25 cm by 8 cm. 
Area of a circle = л/?, n = 3.14]. 


12.5m 
B 
WAN 
funnel 
ado 
380 (a) Sem (ы) 
Fig. 4 Tunnel facing. Fig. 5 Patchwork design. 


Figure 4 shows a simple sketch of the brickwork. 

The area of the rectangle is (12.5 х 53) m? = 66,25 m?. 
The area of the semicircle to be removed is $ of (3.14 x 3.82) m?, which is 
1 of 45.34 m? (45Е) = 22.67 m? (4SF), 

2 the area of the brickwork facing is (66.25 —22.67) m? = 43.6 m? (3SF). 
24. in metres to make the calculations easier, each brick has face area 
(0.25 х 0.08) m? = 002 п. 


6l Area 


To find the number of bricks used we calculate how many 0.02's make 43.6, 
Which is 43.6--0.02 — 2180, and so 2200 bricks (2SF), are required. 


*Example А patchwork quilt, 2.1 m by 1.5 m, is to be made using a "tumbling 
block' pattern, a tessellation of 60%, 120% angle rhombuses, see Figure 5(a). Find 
thearea of a 6 cm edge rhombus. How many will be needed to finish the quilt? If a 
3 cm edge rhombus were used instead how many would be needed to finish the 
quilt? 


Divide the 6 cm rhombus into two equilateral triangles of edge 6 cm, and then 
again into four right-angled triangles, see Figure 5(b). The height BC of the 
right-angled triangle ABC may be found by Pythagoras’ theorem, see 
Perimeter, page 55, since AB = 6 cm and AC = 3 cm. 
BC? + AC? = AB? 

BC? +3? = 62 

ВС? = 27 andso ВС = 5.196 cm 

Then the area of triangle ABC is 3 (3 x 5.196) cm? = 7.794 cm? (4SF), and the 
rhombus has area (7.794 x 4) cm? = 31.2 ст? (3SF). 
In centimetres, the area of the quilt is (210 x 150) cm? = 31 500 ст?. So the 
number of patches needed is 31 500--31.2 = 1010 (3SF). 


The edge ofa 6 cm rhombus are twice the size of the edges of a 3 cm rhombus 
Patch, so its area is 4 times as large. Therefore 4 times as many 3 cm patches 
аге needed, 4040 patches. 


SAMPLE QUESTIONS 
Figure 6 is a scale diagram of an industrial estate, with access road and 9 
Plots. Calculate the area of; (a)plot 6, (b)plot 1, (c)plot 2, 
(d) the access road, (e) theentire estate. What percentage of the area of 
the estate has been used for the access road? 


Fig. 6 Industrial estate. 


Area 62 


Calculate the area of the shapes drawn in Figure 7; (a) the side wall А эн 
house, (Б) the glass оп the side wall of the lean to green 


2 BH; 
(excluding door) (с) the cross-section of the water pipe, A = л", 
п = 3.14, (4) the kite. 


23cm 


7 mm < 
ont} 08 д 
54cm 
228 2т 
“267” — 06m O9mi2m . 


Fig.7 (a) house wall 
3 


(b) greenhouse glass (с) water pipe (4) kite. 
Calculate the cross-sectional area of a radiator key which is in the 
shape of a circle of diameter 9.00 mm with a square hole of side 


5.00 mm, see Figure 8. Use| A = tr’, n = 314]. 

*4 Figure 9 shows a tiling pattern of octagons and squares to be used 10 
cover a kitchen floor 42 m by 34 m. Calculate; (a) the area of the 
square tile, (b) the area of the octagonal tile (hint: split into 4 right- 
angled triangles, 4 rectangles and a central square). Find the total area of 
one of each shape tile and hence the approximate number of tiles of each 
Shape needed to cover the kitchen floor. 

*5 Figure 10 showsa simplified map of four of the states of America, giving 
the length in miles of some of the borders and the population, in millions, 

of each state іп 1970. Calculat 


€ the area and population density (people 
per square mile) for each state at that 


time. 
350 
Wyoming 
тест (0332) hao 
260 Nebraska 
80 (1.47) 
22ст 


Colorado 


60 доо 
(2.20) 


Kansas 
гоо (222) 


400 


400 


Fig. 8 radiator key. Fig. 9 Tiling pattern. Fig. 10 American states. 
1g. 


MEASURING 
3.8 Nets and Surface Area 3 


The net of a solid figure is a plane shape which can be folded to make the 
surface of the solid figure. The net may be used to construct the solid, to 
calculate its surface area, or to consider the symmetry cf the solid. Figure 1 
shows two different nets which both fold to makea cube, and one net each for 
а cuboid, a triangular based prism and a triangular based pyramid. 


ай {Р 


(a) Two nets for a cube (b) net for a cuboid 
= ДА 
(c) triangular based prism net (d) triangular based pyramid net 


Fig.1 Nets of simple solids 


Example Calculate the length of the edge ВЕ of the pyramid drawn in 

igure 2 (a). Draw a scale diagram of a net for the square based pyramid. Calculate: 

G) the area of the face ABE, (b) the length of the edge СЕ, (с) the surface area 
the pyramid. State the number of planes of symmetry of the pyramid. 


Ё Scale 1:8 

Ё 

бст D 
7 

с 

4 Q 

8cm 

Fig. 2 (a) Square based pyramid (b) Net for the pyramid 


T i а k 
he triangle ABE is right-angled at A so use Pythagoras’ result. 
АВ? + AE2 — BE? 
82462. BE? 
50 100 = BE?. and the length of BE is 10 cm. 


Start the drawing of the net with the base ABCD, a square of edge 8 cm, scaled 

zc to 1 cm, see Fig. 2(b). Then triangles ABE and ADE are right-angled at 

With AE of length 6 cm, scaled down to 0.75 cm. Finally triangles BCE and 

5 Eare right-angled at Band D respectively with BEand DE of length 10 cm, 
caled down to 125 cm. 
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(d) The area of triangle ABE is (6 x 8) cm? = 24 cm?. КЕЗДЕРДЕН 
(b) The length of CE may be found by using Pythagoras’ again ІП triang 
ВСЕ. ВС? + ВЕ? = СЕ?, 
82 + 10? = CE?, Е) 
so 164 = CE?, and the length of CE is 12.8 cm (3SF). 
(c) The surface area of the pyramid is made up from square ABCD, two 
congruent triangles ABE and ADE, and two more congruent triangles 
ВСЕ and DCE, with area 3(8 x 10) cm? = 40 стг. 
Total area is (8 x 8)-- (2 x 24) + (2 х 40) cm? = 192 ст. 


The net has a line of symmetry AC, and the pyramid has just one plane of 
symmetry ACE. 


Cylinders and cones 


The net of solids with a curved surface cannot always be drawn, for instance 
there is no possible net for a sphere. However the cylinder and cone both have 
a net, which allows the surface area of these figures to be calculated. 


* Example Draw the net of a cylinder of radius r, height ^, and find a formula for 
its surface area. Calculate the area of metal used to make a cylindrical can of height 
8.2cm and diameter 4.6 cm, assuming that no extra metal is needed to make the 
joins. 


IER 4 


Fig. 3 (a) Net for a cylinder (b) Net for a cone 


Figure За) shows a net for the cylinder, based upon the standard net for any 
prism, with the base and top being circles of radius r, and the curved surface 
flattened into a rectangle. The height h of the cylinder gives the length of this 
rectangle and the width is the same length as the circumference of в r 
the cylinder, 2zr. € of the base o 
A formula for the surface area of the cyli " | 

may be simplified to 2л>?-+-2лгһ, Winder is 2 x (nr?) + 2nr x h, which 
Use the formula to calculate thi 

h 82cm, r=} of 46cm a on and UAM, анин for the can, with 
Area of can = 2 х 314x Q3? 42x 314 x23 Я A ) 

— 151.662 cm? крш 


= 152 cm? (3SF). 
Figure 3(b) shows the net fo 
ra i 
the surface area is nr? tss ын 


Зай base radius г and slant height |, and 
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Plan and elevation 


scale 1:300 


п side 


elevation 1 elevation 


Fig. 4 (а) Perspective picture (b) Plan and Elevations of house 


Ал alternative way of drawing a solid figure is to draw a view from each of 
three perpendicular directions. Figure 4(b) shows the plan, front elevation 
and side elevation of the house drawn in 4(а). Solid lines are used for visible 
edges and dotted lies for hidden detail. 


scale 1: 96 

Fig. 5 (a) Front and side elevation (b) Plan of greenhouse 
Exam : 
the coe Figure 5(a) shows the front and side elevation of a greenhouse. Draw 
арргохіт and take measurements from the three diagrams in order to find 

ately the area of glass needed to glaze the complete greenhouse. 
The fi 

г 5 : 

rect, Ont and side elevations show that the base of the greenhouse is a 


roof lines 8 ft by 10 ft, The plan shows the base, see Figure 5(b), and the three 
lo this for ey central for the peak of the roof, and two others running parallel 
from Ње с € angle between the sloping sides and the roof. These will be 3 ft 

The are. €ntral roof line on either side. 
SPlitting d of the front and rear of the greenhouse may be found exactly by 
е pentagonal shape into a square, 6 ft x 6 ft, two right-angled 


Tian 1 
Бе 6 ftx 1 ft, and two right-angled triangles, 3ft x 1.5ft. Total area 


m 


7 
Ээ 
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(front and rear) = 2(36 + 6 + 4.5) f? =93ft?. The two sides and roof 
together make a rectangle shape of length 10 ft. The width of this rectangle 
may be measured from the front elevation as 18.5 ft. Total area of glass 15 
93 4- (10 x 18.5) ft? = 278 ft?. 


SAMPLE QUESTIONS 
1 Drawthe net of a steel beam of length 6.5 m, with L-shaped cross section 


shown in Figure 6. Calculate the surface area of the beam to be 
sandblasted and primed and cost at £4.80 per square metre. 


0.04т -———————2.4m » 
0.45m REI ee 
0.28m 


Fig.6 L-shaped beam Fig. 7 Paddling pool 


*2 Thecircular base of the paddlin "eem 

plastic costing 12p per m?, ыг се in Figure 7 18 made of thin 
plastic costing 23p per m?. Calculate: o: side is made from thicker 
prea of theside of the pool, (с) the sAN це агеа ofthe base, (b) the 
the pool. What fraction of the retail ргісі ot materials for manufacture of 
plastic material? € of £4.99 for the pool is for the 

*3 Calculate the area of the walls of the 

Р T һо 
the ойы cavity wall insulation for this p c : 
metre of wall filled. Estimate the cost of insulati Y at £2.50 per square 
the rear extension) at a cost of £1.20 per ion of the loft area, (not 
& Nom рон таре nah om idi asi 

hate pias [^e e ина 
: at of the walls, and С ate: (a) the area 
gn уз ы £4.99 for a tray ia the area of the floor. 
-49 for a tin whi Covers 9 m?. pai 
£7.99 per m?. Calculate how ET Covers 18 m2 aic. paint for 
bought and the total cost of deco у trays and rpet costs 


А tins 5 
*5 Three toy building blocks are Gee and ca of paint must be 


rawn in Figure 4, Estimate 


hapes; cuboid 6.2 cm by 
ulate which shape нта опе Баве 


YN Ж % 


са к ERE. 
MEASURING 
3.9 Volume 3 


к= с=с» GC RO EIER a os 8 


The amount of space or matter within a shape is called the volume or capacity 


of the shape. A unit of volume is the space in a cube having a standard unit of 
length as an edge; 


cubic centimetre 1 cm? or 1 cc, cubic metre 1 m?. 
cubic decimetre or litre — 1 dm? or 11. 


, 


Figure 1 shows the filling of a cuboid with unit cubes which gives the basic 
formula for volume. 


Volume of a cuboid — length x breadth x height 
— area of base x height. 


eru 4 3 


height 


bose area 


Gx4xs)cm? = 60cm? (а) General Prism (Б) Cylinder 
Fig.1 Volume of a Cuboid Fig.2 Volume of Prisms 


Prisms (see Solids page 75) 


Volume of a prism — area of base x height | 


Volume of a cylinder = area of base x height = zr^h. 


e] 
i рр 
D 


basé area base area 
(a) General pyramid (b) Cone 
Fig.3 Volume of Pyramids Fig.4 Swimming pool 


Volume 68 
Pyramids (see Solids page 75) 


*Volume of a pyramid — 3 (area of base x height) 


* Volume of a cone = 5 (area of base x height) = Jar? h. 


Example А rectangular swimming pool, 32m long, 9.5m wide, is filled with 
water which is 2.2m deep at one end and only 0.8 m at the other. Calculate the 
volume of water in the pool in (a) cubic metres, (5) in litres. 


Figure 4 shows the shape and dimensions of the water in the pool. The 
trapezium shaped side ABCD of the water forms the base of a prism of height 
9.5m, and once the area of this trapezium is calculated we may use the 


formula for the volume of a prism given above. 


Splitting ABCD into a rectangle ABCE and a right-angled triangle CDE, the 

area is (32 x 0.8) - $(32 x 1.4) m? = 48 m?. 

(a) The water has volume (48 х 9.5) m? = 456 m?. 

(b) A litre is the volume of a cube with 
Therefore 11 = (0.1 x 0.1 x 0.1 
The water has volume 456 m? 


side 10cm, which is 0.1 m. 
)т? = 0.001 m3, and 10001 = 1 т>. 
- 456 x 10001 — 456 0001. 
Example Calculate the volume of a Cube of edge 5.25 cm, which has a hole of 
diameter 3.42 cm drilled directly through the centre of two opposite faces. 
Figure 5 showsa diagram of the drilled Cube, and its volume can be found by 
subtracting the volume of the hole from the volume of the solid cube. 

be has volume (5.25 x 5.25 x 525) cm? = 144.7 cm? (4SF). 
The hole is in the shape of a cylinder of height 5.25 cm and radius 1.71 cm. А 
cylinder is a prism with a circular base, so the volume of a cylinder is zr? x h 
where r is the base radius and h is the height. 
The hole has volume (3.14 x (171) x $25)cm? = 48.20 cm? (45Е). 
Then the shape has volume (144.7 —48.20) cm? = 96.5 ст? (35Е). 


ва шу ат ос <i Є 


930m 


Fig.5 Drilled cube Fig. 6 House roof 
: he roof of a rectangular h 9 
*Example Figure 6 showst ә angular house 9.30 m long by 7.85 т 
Ез ы ridge of length 5.10т is at a height of 2.65 m above the loft floor. 
C Iculate the volume of the roof space. The main walls of the house are 6.30m 
ven Calculate the percentage ofthe complete Volume of the house taken up bythe 


roof space. 
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Theroof spacecan be split into two rectangular based pyramids, PWX QT and 
RSZYU, and a triangular based prism WXYZUT as shown in Figure 7. 


xe. дь 
js С "iom [sem 


2.10m 
Fig.7 House roof in sections Fig.8 Wobbling toy 


The side ОХ of the rectangular base of pyramid PW XQT has length 
36.30—5.10) m = 2.10m. 
The volume of PWXQT is (185 x 210) x 265m? = 14,56 т? (4SF). 

he triangular end WTX of the prism WXYZUT has area 

(7.85 x 265) m? = 1004 т? (4SF), 
And so the volume of WXYZUT is (10.04 x 5.10) m? = 51.20 m? (4SF). 

he volume of the roof space is ((2 x 14.56) + 51.20) т? = 80.3 m° (3SF ). 

he Temainder of the house is a cuboid of volume 
(9.30 785 X 6.30) m? — 460 m?, | ; 
SO the Percentage occupied by the roof space is found by expressing 80.3 m? as 
3 Percentage of the total volume, (460 + 80.3) т? = 540.3 т 

© Percentage is (80.3 + 540.3) x 100 = 15% (2SF). 


. ^ 
Exam қ 4 hemispherical base of 
iamen Ple A wobbling clown toy is made of two parts, a hemisp қ 
fa meter 72 mm and a peint Юр. of height 124mm, see Figure 8. The base is 
і саде іп а heavy alloy with density 0.008 g per mm?, and the top is mads a 
ght Plastic With density 0.001 g per mm3. Calculate the volume and mass of eac! 
9f the toy 1 


Volume of a sphere radiusr is $nr°. | 
Mass = Volume x density. 


T 
s volume of a sphere of diameter 72 mm is $2(36)? mm? = 195000 mm? 


le Ын the hemispherical base will have volume 97 500 mm? (3SF ). 
e Con Of the base = (97 500 x 0.008) в = 780g (3SF). 
ing Lal top has base radius 36 mm and height 124 mm, so has volume 
s х 124mm? = 168 000 mm? (3SF). 
Mass of the top = (168000 x 0.001) g = 168g (3SF). 
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SAMPLE QUESTIONS 


1 


“4 


55 


56 


57 


38 


9 


The four cargo holds of a ship are each shaped like a cuboid, 42 m m 
21 m wide and 37 m deep. Calculate the total volume of space in the fou! 
holds. | 

Calculate the volume of cylindrical cans of the following sizes: 

(a) radius 3.2 cm, height 4.5 cm, (b) diameter 69 mm, height 37 mm. 
Quarter kilogram packs of butter measuring 11 cm by 7 cm by 5 cm are 
packed into a case measuring 33 cm by 28 cm by 25 cm. Calculate (a) the 
volume of a pack of butter, (b) the volume of the case, (с) the 
number of packs of butter in a case. Draw a diagram showing how these 
packs will fit into the case without any spaces left. 

Calculate the cross-sectional area of a pipe of internal radius 0.0035 m. 
Oil is flowing down the pipe at a speed of 3 тэ”! in order to fill a tank 
of capacity 1.42. Calculate the volume of oil flowing into the tank 
in 1 second, and the time taken to fill the tank. 

A sweet carton of height 6.2 cm has a base in the shape of a regular 


hexagon of edge 4.6 cm. Calculate: (a) the area of the hexagonal 
base, (b) the volume of the sweet carton. The sweets to fill this carton 
are roughly cube sha 


ped of edge 2.3 cm. Calculate the number of sweets 
which would fill the carton if 


it was possible to pack them without 
leaving any spaces. In fact, only 20 sweets fit into each carton. Calculate 
the volume of space left in the carton around the sweets. 
It has been estimated that the 
person in one day would fill 
Calculate this quantity: 
the edge of a cube which has the same volume as this quantity. 
The mass of one cubic m 
the mass of: (a) 1 cubi 
(c) 1 cubic millimetre of a substance which is twice as dense as water. 
The cylindrical drum of ап upright automatic washing machine is of 
height 42 cm, and diame: i 
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Example Find the order of rotational symmetry and the number of lines of 
Symmetry for each of the shapes in Figure 2. 


The shape in Figure 2(a) has 2 lines of symmetry, shown by dotted lines. If the 
shape is rotated 180° about its centre it will fit onto itself exactly. Two such 
rotations will bring the shape back to its original position so its order of 
rotational symmetry is 2. The shape in Figure 2(b) has no lines of symmetry, 
but after a rotation of 120% about its centre the shape fits on top of itself. So 
the order of rotational symmetry is 3. 


Plane shapes 


Triangles 

A shape with three sides is called a triangle, formed by joining three points by 
three lines. Triangles are classified by the length of their sides, see Figure 3. 
Three equal sides—equilateral—3 lines of symmetry, order 3. | 

Two equal sides and a different length third side—isosceles—1 line of 
Symmetry. 

All three sides different—scalene—no symmetry. 


(see page 81 for proof) 


| The sum of the angles of a triangle is 1807. 


Z AD 


Q Р 


Equilateral Isosceles Scalene 


Fig. 3 Types of triangle. Fig. 4. 


Example An isosceles triangle PQR has equal sides PQ and PR, and angle PQR 
is 34°. Calculate the other two angles. 

Draw a diagram of the triangle PQR, see Figure 4, and then it is clear that 
angle POR is equal to angle PRQ, by the symmetry about a line halfway 


between РО and PR. So angle PRQ = 34°. D 
But the sum of the three angles in triangle РОК is 180^, and so, 


L POR | РЕО+/ ОРЕ = 180° 
34° + 34^ + L QPR = 180° 
LQPR = 180° — 68° = 112°. 


Quadrilaterals 
Plane shape with four sides is called a quadrilateral. 


The sum of the angles of a quadrilateral is 360° | 


This is Proved by splitting the quadrilateral into two triangles. 


GEOMETRY 4 
4.1 Shape and Symmetry 
ccu da E mU Vet am 


Geometry is used to form a model of the real world by the definition of points, 


lines, angles, planar shapes and solids. It helps us to appreciate the symmetry 
of objects, their similarities and differences. 


Points, lines, planes and angles 

А point is used to identify a particular position in space. 

A line is used to describe the set of points which lie directly between 19/0 
points in space. A line is sometimes considered to extend beyond both points 
forever. 


i T meet in one point or are parallel and so never meet, 
see Figure 1 (a). 

Two lines which meet al gles are Perpendicular, see Figure 1(b). AB 
vertical (upright), lines, 


A reflex angle is Breater than a half turn, between 180° and 360°. 


Symmetry 
There are two types of е 
Line symmetry, reflect 
Rotational symmetry, 
itself after rotation th 


ymmetry, see Figure 2 
On in a Ji; €, Or axis of; 
the Symmetry ар, 
Tough an angle | 


symmetry. 


Out a point, where the object fits onto 
ess than 360° 
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Quadrilaterals are classified by length of side, size of interior angle and 
whether opposite sides are parallel, see the table in Figure 5 below. 


2 


\ 


Y Kit 
Rhombus ue 
Rectangle Parallelogram Tropezium 


Tr. 


Four equal sides 

Two pairs of equal opposite sides 
WO pairs of equal adjacent sides 
Wo pairs of parallel sides 

One pair of parallel sides only 

Internal angles 90% 

Diagonals bisect each other 

Diagonals meet at right-angles 

Lines of symmetry 

Order of rotational symmetry 


a 


Fig. 5 Quadrilaterals and their properties. 


һк<<< жале. |2 
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Example Identify a quadrilateral which is: (a) a pombus win an internal angle 

01909, (р) а trapezium with rotational symmetry order 2. Р 

(а) А rhombus has four equal sides, with opposite wee pesce ра 
Internal angle is 90° then all internal angles must be 907, бур: 
Properties, Therefore the shape is a square. airs 

(0) A quadrilateral with order of rotational symmetry 2 ppc icu oe 
Of opposite sides parallel and equal, since after a М (ei ней 
Opposite sides must map onto each other. Ju a : ^ mn 
two pairs of opposite sides equal and рагайс 
Parallelogram. 


Polygons 
Plygon is a general word used to describe the set of planar n 
еге п is any whole number greater than 2. : 
triangle is а 3-ы ед polygon, a pentagon is a 5-sided polygon, 
*Xagon is a 6-sided polygon, an octagon is an 8-sided polygon. 
"евшаг polygon has ай its sides equal and its angles equal. 


-sided shapes, 
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The sum of the interior angles of an n 
(180(n —2)y.. 

The interior angle of an n 
(180(n — 2)/n)*. 

The sum of the exterior angles of any polygon is 360°. 


-sided polygon is 


-sided regular polygon is 


— А а 
* Example Calculate the angle sum, the interior angle and the exterior angle of 
regular pentagon. 


ра 


Fig.6 Pentagon. Fig.7 Tessellations. 


Figure 6 shows the regular Pentagon split into 3 triangles, so the angle sum 15 
180° x 3 = 540°, which is 180(n — 2 with n = 5 

The interior angle, i, is therefore 540--5 = 108°, since the five angles must 
total 540°. The exterior angle, x, is 180° — 108° = 72°. 


Example Drawa tessellati 
hexagon and an equilateral t 


ion (plane filling pattern) which uses: (a) a regular 
riangle, (6) a regular Octagon and a square. 
Two possible tessellations are shown in Figure 7. The edges of the polygons 
used must be the same length if ther 


© are to be no gaps left. 
SAMPLE QUESTIONS 


1 Calculate the number of lines of symmetry and the order 
а regular n-sided polygon where n is: (а) 6, 


of rotational Symmetry of 
(b) 7, (с)8. 
2 Find the angles labelle. 


d x, yorz in Figure 8. What are the names of the 
polygons labelled ABC. JKLM, PQRS in Figure 8. 


> 


aN 22? 


" 
РА? 


с 


Fig.8 Angles in triangles and quadrilaterals, 


i interi f a regular: 
Find the interior angle о g 
? (c octagon, (4) dodecagon (12 sides), 
4 Draw a tessellation which uses: (a) regular lié 
buses, (с) kites, (4) squares and rhombuse. 
pentagon. 


(a) hexagon, (b) triangle. 


Харопѕ, (b) rhom- 
5, (е) an irregular 


GEOMETRY 
4.2 Solids 4 


Solid Figures 
А solid figure is a 3 dimensional shape bounded by faces (planes), edges 
(lines), and vertices (corners or points). 


Length Breadth 
кесу Height 


Fig.1 (а) Cube. Fig.1 (b) Cuboid. 
A cube has 6 square faces, 12 equal edges and 8 vertices, see 
Figure 1(a). 


А cuboid or block has 6 rectangular faces, 12 edges, 8 vertices. 
There are three different length edges to a cuboid, usually called the length, 


breadth and height (Figure 1(b)). 

The underneath face of a solid is often called its base. 

Whena solid figure is sliced across by a plane the shape of the planar figure so 
created is known as a cross-section. 


Both a cube and a cuboid are examples of a class of solid figures called prisms. 
А prism is ‘the same all the way up’, or more precisely, the shape of any cross- 
section parallel to the base is congruent (identical in size and shape) to the 
base. A prism is often identified by the shape of its base, so a cuboid isa 
rectangular based prism, and a cylinder is a circular based prism (Figure 2) 
One of the most important properties of the prism is that the volume is given 
by the area of the base multiplied by the height (see Volume, page 67). 


K 
SS 


Triangular based prism I-shape based prism Cylinder 


Fig. 2 Prisms. 
The other major class of solid figures, those which have a base and all other 
faces meet at a point at the top, are called pyramids. 

A pyramid is ‘similar all the way up’, or more precisely, the shape of any 
Cross-section parallel to the base is similar (identical in shape, but not in size) 
to the base. The size of the cross-section is proportional to the distance from 
the top or point of the pyramid. A pyramid is also identified by the shape of its 
base. Egyptian tombs are often in the shape of a square based pyramid, and a 
cone is a circular based pyramid, see Figure 3. The volume of a pyramid is 
given by one third the area of the base multiplied by the height (see page 67). 
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Fig.3 Pyramids. 


* Example Acube ABCDEFGH, of edge 3 cm, is cut along planes AGC, AGF and 
AGH into three solids, see Fi 


gure 4. Discribe the shape of the three solids and 
calculate the volume of each. 


Fig.4 Dissected cube. 


The two cuts along planes АСС and АСЕ cut off the shape ABCGF, a square 
based pyramid, base BCGF, height AB. 


The other two solids are ADHGC and AEFGH, also identical pyramids. 
Therefore the volume of ABCGF is GB x 3) x 3) cm? = 9 стз. 


This question indicates a method of demonstrating the formula for the 
volume of a pyramid. 


Regular solids 


A regular solid has faces which are all identical regular polygons. There are 
five regular solids, called the Platonic soli 


ds, whose properties are shown in 
the table and diagrams of Figure 4. 


Number of | 

$һаре Planes of 

of face | faces edges | vertices | symmetry 
Tetrahedron triangle 4 6 4 6 
Cube Square 6 12 8 9 
Octahedron triangle 8 12 6 9 
Dodecahedron pentagon 12 30 20 15 
Icosahedron triangle 20 30 12 15 


40856606 


Fig. 5 The Platonic solids. 


SAMPLE QUESTIONS 
І Find the number of faces, edges and vertices об (a) a pentagonal based 
prism, (b)a hexagonal based Pyramid, (c)an L-shape based prism. 
2 Make a model of a cube and clearly mark 4 cross section in the shape of: 
(а) а square, (b)a rectangle, (с) а triangle, 
3 Find the number of planes of symmetry of: (a) 
based prism, (c)a square based pyramid, (4) 


(d) a hexagon. 
a cuboid, (Б) a square 
а cone. 


GEOMETRY 
4.3 Constructions and Loci 4 


Ruler and compass constructions 

A ruler is used to join two points to makea straight line, but it can also be used 
to measure out a set distance along a line, or to find the distance between two 
points. 


А pair of compasses can be used to draw a complete circle, or an arc, of a given 
radius, from a given centre. In fact compasses are often used to give two arcs 
of the same radius, starting from two different centres, and so locate points 
Which are equidistant from the two centres. 


Example Draw the set of points equidistant from two points A, B. 


Draw two arcs, centre A, with radius just larger than half the length AB. With 
the same radius draw two arcs centre B so as to cut the first arcs. Join the two 
points where the arcs meet with the line L. Figure 1 shows points А, B, 4 arcs 
and the line L, the perpendicular bisector, or mediator, of AB, which is the 
locus of points equidistant from A and B. The line L and the line AB are at 
a angles to each other so this construction also gives a way of drawing 90° 
angles. 


Ж 
26 о 


Fig.2 Constructing a right 


Fig.1 Finding the set of points 
angle and a 60* angle. 


equidistant from 4 and В. 


Example Draw the triangle POR where; (а) РО = 3.5 cm, the angle at P is 90°, 
the angle at Q is 609, (b) РО = 5.1 cm, PR = 3.6 cm, QR = 2.8 cm. 


(а) Draw the side PQ of length 3.5 cm, and extend the line beyond P. 


Construct a right angle at P, see Figure 2, as follows: 1 ^ 
Draw two arcs, centre P, with same radius, to cut the line PQ either side 


of P. Construct the perpendicular bisector of these two points using the 
construction given above, and this will give a right angle at P. 


Construct а 60° angle at Q as follows: — ] 
Draw two arcs, centre Q, with the same radius, one cutting PQ at X and 


one atabout 60^ to QP. Keeping the same radius, draw a third arc, centre 


Constructions and Loci 78 


X, to cut the second one at Y. This produces three equidistant points Q, 
X and Y which form the vertices of an equilateral triangle, and so the 
angle at Q is 60%, see Figure 2. 


Produce (extend) the two sides of the triangle until they meet at R. 
(b) Draw the side PQ of length 5.1 cm. 


Set the compasses to draw an arc, radius 3.6 cm centre P. 
Set the compasses to draw an arc, radius 2.8 cm centre Q. 
Label the point of intersetion of the two arcs R, see Figure 3. 


36cm 2.8cm 


Р 


5.1ст о 


Fig.3 Constructing a triangle given Fig. 4 Constructing the perpendicular 
all three sides. 


to a line L from a point M. 


* Example Construct a pi 


erpendicular from a point M to the line L, meeting / at V, 
and bisect one of the 90? angles at N. 


Construct the perpendicular from M to line L as follows: 
With centre M, draw an arc 


which cuts the line L at two points X and Y, see 
Figure 4. The perpendicul 


4 ar bisector of X and Y will be the required 
perpendicular from M meeting the line L at N. 
Bisect the angle at N as follows: 


Draw arcs centre N to cut the line Land the line MN. Draw arcs with the same 
radius, centred at these two points meeting as shown in Figure 4. Join up N to 
the intersection of the two arcs to bisect the angle of 90° at N, giving two 45* 
angles. 


Locus 


A locus is a set of points satisfying the 
Set notation is often used to describe a 


The locus (P: PA = PB} reads ‘the set 


given condition, 
locus. For example: : 
of points P where the length PA is 
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Example Figure 5(a) shows a plot of building land beside a railway track. The 
new main sewer inspection chamber C must be located at a point no further than 
50 m from the outfall at О but it must also be at least 30 m away from the railway 
line 4 to avoid disturbance. Write these two conditions in set notation and shade 
the locus of points which satisfy these conditions. 


0 0 
4 Ё 
Scale (m) CA 
O 20 40 
(а) (b) 


Fig. 5 Location of sewer inspection chamber. 


The first condition on the location of C can be written as 
1C: OC < 50}, and the locus is the inside of a circle, centre О with radius 50 m. 
The second locus can be written (C: CM > 30 for all M € Lj, and this is а 
region bounded by a line 30 m away and running parallel to the railway track. 
The intersection of these two regions is shaded in Figure 5(b). 


SAMPLE QUESTIONS 
1 Construct the triangle ABC given: 
90, AC = 47ст, (b) ВС = 88 тт, ВА = 64mm, 
(c) AC = ВС = 4.5 cm, the angle at C is 45°. | | 
2 Draw а scalene triangle POR and construct the perpendicular bisectors 
of PQ, PR and QR. Using the point where the three bisectors meet as 
centre draw a circle passing through all three vertices of the triangle 


(a) AB = 3.7 cm, the angle at A is 
CA - 72 mm, 


3 Construct a rhombus with edges of length 7.2 cm and internal angles 30 
and 150*. Measure the lengths of the diagonals of the rhombus. 

4 Given A and B two fixed points 6 cm apart in a plane, draw the oru. of 
the point P given by: (a) (P: AP — 3cm}, (b) ІР: ЕБ ВР). 
(c) | P: angle АВР = 30° } (4) (Р: angle АВР — 907), 
(e) ІР: AP = 5cm, BP < 3 cm}. 


*8 
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N 
Airport 1 
n ЯГ miles 
ee 20 
5 | 10 
He ps o 


Fig. 6 Front paths of houses. Fig. 7 Radar stations. 
Figure 6shows two houses, H and J, and a road R. Copy the diagram and 
mark the position of a point on the road which is the same distance from 
both houses. Paths are to be laid from this point to both houses and эж 
boundary line between the two houses is to run from this poin 
perpendicular to the road. Draw the paths and the boundary line. " 
Figure 7 shows a section of coast with two radar stations at R and 5 em 
with a range of 25 miles. An aircraft is approaching the airport directly 
оп а bearing of 060°. Copy Figure 7 and mark the area covered by each 
radar station and the track of the aircraft. Mark the point on the 
aircraft's track when Station S is first closer than R. 1 
In Figure 8 a cuboid shaped box is being rolled end over end along a leve 


surface. Draw the locus of the edge marked C during one complete 
rotation of the box. 


Stay is to clear t 


he rear panel? 


GEOMETRY 4 
4.4 Prove it 


Angle theorems 

The aim of this section is to demonstrate the idea of proof—a logical sequence 
of steps using axioms (starting assumptions) and theorems (results) which 
lead to the desired result. The theorems which follow all involve angles in 
triangles or circles. 


Theorem 1 Р 
The sum of the angles of a triangle is 180^. The exterior angle of a triangle 


equals the sum of the two opposite interior angles. 


: а 
«^N 
2 : Р 


A E R 


Fig. 1 Angle sum of a triangle. Fig.2 Paper and scissors proof? 


Draw a triangle ABC, shown in Figure 1, with angles x, y and z. Produce the 
side AC to D. Construct the line CE so that the lines AB and CE are parallel 


(Figure 1). 
“DCE = х, corresponding angles on a transverse (see page 52) 
LBCE- Vs alternate angles on a transverse (see page 52) 


So LDCB = х +y, the exterior angle equals the sum of the two opposite 


interi les. | 
Also Fr vis = L DCE 4 L BCE 4 L АСВ = 180°, since the three angles 
make a straight line at C, so the angles of a triangle add up to 180°. ны 

Figure 2 shows an alternative, perhaps more familiar, demonstration of this 


result, which relies on the above proof. "A 
Cut the triangle out of paper marking the three angles, then rip into three 


Parts and reassemble along a line as shown. 


Theorem 2 еу 
The angle subtended by an arc of a circle at the centre is twice the angle 


Subtended at the circumference. . ЭР 
Draw a circle, centre C, mark a point D on the circumference and join to A and 


Bto give the angles subtended by the arc ABat C and D. Join ve den 
to E, marking angles ADC and BDC as x and y, respectively (Figi | 9 

4 CAD = x and / CBD = y, since triangles CDA and CDB are isosce ES 
С АСЕ = x x = 2x, and / BCE = y + у = 2y, exterior angles of a triangle. 
Then / ACB = 2x + 2y = 2(x + y) = 2x L ADB. 


The next two results both follow from this theorem. 
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Fig.3 Angle onanarc. 


Fig.4 Equal angles. 


Fig. 5 Angle on a diameter. 


* An arc subtends equal angles at the circumference, since the angle at the 
centre will be twice any angle at the circumference, see Figure 4. 

* The angle on a diameter is 90°. The angle at the centre of a semicircular arc 
is 180°, so any angle at the circumference must be 90°, see Figure 5. 


Tangent 


Fig. 7(a) (b) Fig. 8. 


*Example Find the angles w, x, y and z marked in Figure 6. 


PR is a diameter of the circle centre О, and so 4 РОК = 90°. 

Since the angles in triangle PQR add up to 180°, w = 65°. 

Arc RQ subtends both angles £ RPQ and Z RSQ at the circumference, so they 
are equal, and x = 25°. 

Arc RQ subtends the an 
angle / RPQ at the circ 
Finally, triangle OPQ is 


gle marked y at the centre which must be twice the 
umference, so У-2х25%- 50°. 


isosceles, and so z — 25°. 


SAMPLE QUESTIONS 


*1 (а) Find the angles marked a, b, c and d 
angles marked p, q, r, and 


in Figure 7(а). (b) Find the 
*2 А cyclic quadrilateral 


5 in Figure 7(b). 


is a quadrilateral whose 4 vertices lie on a circle. 
€ angles оға cycli 


c quadrilateral add up to 180°. 
5 ngles subtended at the centre and circumference 
by a diagonal of the quadrilateral.) 

Calculate the 1 Р i = 5 

rüdilis Ne ength of PQ, given that the circle shown in Figure 8 has 


*3 


TRIGONOMETRY 
5.1 Trigonometric Ratios 5 


——————————————— 


The sides and angles of any right-angled triangle are connected by three 
trigonometrical rules and Pythagoras' result. Standard labelling of a right- 
angled triangle with an angle 0, has three sides o (Opposite to 0), a (Adjacent 
to 6), h (Hypotenuse, longest side) (Figure 1). 


Standard form 
һвіп0-о hcos@=a 
atanü —o 


Ratio form 


В о 
sinü = – cos 0 =" tan 0 =? 
h h a 


Pythagoras’ result: o? + a? = h? Fig. 1 Basic Trigonometrical results, 
Б. в 


Using trigonometry involves labelling the diagram, picking the right rule, 
substituting the known values and calculating the unknown side or angle. 


с D ГА 5 K 
5.24cm 0835 
7839]? тт 
35.89 1.64тт 
8 Р AE 295km F L 
Fig. 2 (a). (b) (c) 


Example Find p, q, r and s in the triangles in Figure 2. 


(a) In triangle ABC we are given angle CBA which will become 0. The side 
opposite 0, AC, will be labelled (о) and the other sides can now be 
labelled AB (a) and BC (h). Since we are given BC (h) and we need to find 
AB (a) we shall use the standard form Acos 0 = a, see Figure 3(a). 
h= 5.24, 0 = 35.8, а-р. һсовб-а 
Substituting Гог and 0 
5.24 cos 35.8 = p 
The value of cos35.8(= 0.811) 
may be found in mathematical tables 
or by using a scientific calculator. 
Multiplying by 5.24 gives 
p = (5.24 x 0.8111)cm 

= 4.250 cm = 4.25 cm (3SF). 

(b) In triangle DEF we are given angle EDF which will become 0. The sides 
can now be labelled EF (0), ED (h) and DF (a). We are given EF (о) and 
need to find DF (a) so we shall use the standard form a tan 0 — o. 


B p (д) 
Fig. 3 (a). 
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o = 29.5, 0 = 78.3,a =q, аїап0-о 
Substituting for o and 0, q tan 78.3° = 29.5 
tan 78.3° = 4.829, so qx 4.829 = 29.5 


ividing by 4.829, q = шы. km 
dividing by 4.829, q = 1829 ” aeu 
q — 6.109 km — 6.11 km (3SF). : 


Fig. 3 (b). 
(c) In triangle JKL we require angle JK (labelled r) so the sides will 


be labelled JL (o), JK (a) and LK (h). We are given JK (о) and KL (h) 
so we will use the ratio form sin 0 = o/h, see Figure 3(c). 


0 = 0.835, h = 1.64, 0 =r, sing =° 


a t 8 2) 
Substituting for o and h gives В 
0835 
 , 0.835 Е тт 1.64тт 
sinr = 164 - 0.5091. (o) @ 
Using the inverse sine function L 


on a calculator gives ғ = 30,61° Fig. 3 (c). 
= 30.6° (3SF). 


To find s we shall use Pythagoras’ result, o? + à? = h?, and 
substitute for o and h. 0,8352 +s? = 1.642 


0.6972 +5? = 2.6896 
Subtracting 0.6972, s2 = 1.9924 


Taking square 10015,5 = L4115 mm = 1.41 mm (3SF). 


62.4cm 
5.31m 


Fig. 4 (a). 


SAMPLE QUESTIONS 


1 Fi 
2 А pis 15%, Y and z in the triangles of Figure 4. : 
angle. Find the len 154 mm, K Lis 23.1 mm and angle /. KJ Lisa right 
з ne. гиш Of JL and the size of angles LJLK and LJKL. 
e gms of length au gonal AC of the rectangle ABCD with sides йг 
^em, 19, i a 
between the diagonal АС and the ge are d Ске 
4 Ын Isosceles tannie POR, with PQ and PR equal, can be split into tw? 
Ma gn m Ms m Q and PXR by joining X, the midpoint of Qf: 
р P. IF PR is of length 49.5 km and OR is 31.8 km find the length of PX: 
the area of the triangle POR and the angle LPOR 


TRIGONOMETRY 
5.2 Two-dimensional Problems 5 


How to start 
Draw your own diagram of the problem, adding lines to make a right- 
angled triangle if necessary. 

2 Mark оп а! the known lengths and angles and label the triangle with o, a 
and h (as on page 83), relative to one angle 0. 

3 Selectthe right trigonometrical result, substitute in the known values, and 
Solve for the unknown side or angle required. 


Example A thin strip of plastic with two holes punched 6.5 cm apart is attached 
by à pin through one hole to a sheet of squared paper. The pin passes through the 
Origin of a set of axes, scaled in centimetres, drawn on the paper and the plastic 
Strip lies along the x-axis initially (Figure 1). Calculate the coordinates of the other 


ole if the strip is turned: (a) anticlockwise through 34°, or (b) clockwise 
through 128°. 


Fig.l Plastic strip. Fig. 2 (а) 34° turn. (Б) 128° turn. 


Draw the Plastic strip in the “anticlockwise 34°” position, labelling the 
Pin P, the hole H and the angle 34°, and complete a triangle PH X, where 
15 the foot of the perpendicular from H to the x-axis, Figure 2(a). Then 
bs Coordinates of H are (PX, XH ), and we need to find these two sides 
( the right-angled triangle PHX, by trigonometry. Label the sides (0), 

43 and (h), and use Л cos 0 = a to find PX. 

To e 34° = PX, so PX = 6.5 x 08290 = 5.389 = 54 (2SF) 

6.5 i XH, the opposite side, use h sin 0 = o. 

Then 9f = XH, so XH = 6.5 х 0.5592 = 3.635 = 3.6 (2SF) 

(b) ph the coordinates of the hole are (5.4, 3.6). 2- 
Р Биге 2(b) Shows the "clockwise 128^" position, and we use triang'e 
The Where y is the foot of the perpendicular from H to the x-axis. 
Th angle / HPY is 180° 128° = 52°. 

6.5 cos 52° = 6.5 x 0.6157 = 4.002 = e ін 

= 6.5 sin 52° = 6.5 x 0.7880 = 5.122 = 5.1 ( й 

2 the Coordinates of the hole are (— 4.0, — 5.1), negative because of the 

Sition of the hole. 
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Angle of elevation 


i ings 
Example The angle of elevation of the top of a tree is 57°, measured using 


nk. 
clinometer from a point on level ground 25 metres from the base of the tru 
Calculate the height of the tree. 


Fig.3 Height of a tree. 


Fig.4 Bearing of a ship. 


Figure 3 shows the tree BT, the clinometer at C and labels the angle a 
elevation, / BCT, as 57°. The sides of the triangle are labelled (0), (a), (h) 
relative to this angle, and the known length BC, (a), is marked as 25 m. 
The height BT, (o), is required so use a tan 0 = о. 

25 tan 57° = BT, so BT = 25 х 1.54 = 38.5, 


and the height of the tree is approximately 39 m (2SF). 


Example А radar station at Dover identifies a ship on a bearing of 126.2°. If the 
ship is 8.40 kilometres south of th 


4 itli ni 
e station, find how far east of the station it lies а 
its direct distance from the station. 


Bearings are measured clockwise from North, so draw the station D, the б 
5, and mark the bearing 126.2? from North. Draw a due east line from t 


station and a due north line from the ship, meeting at E, giving an angle 4 SD Р 
which is 126.2° — 90° = 36,2°, see Fi 


gure 4. SE is 8.40 km, and the distances 
required are DE and DS. 


To find DE use a tan § = 0, giving DE tan 36.2° = 840. 
Divide both sides by tan 36.22 ( = 0.732) gives 


8.40 
ВЕ 2. 
0732 11.5 (3SF). 
So the ship is 11.5 km (3SF 


) east from the Dover radar station. 
To find DS use h sin 0 


= 0, giving DS sin 36.2° = 8.40. 
Divide both sides by sin 362* (= 0.591) gives 


ps = 8.40 _ 


0591 14.2 (35Е). 
So the Ship is 14.2 km (3SF) from the Dover radar station. 
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* Example A scaling ladder is designed to reach the top of a castle wall, 65 feet 
high, when placed at an angle of 75°, on level ground. Find (a) the length of the 
ladder, (b) the distance of the foot of the ladder from the castle wall. When the 
ladder comes to be used it is discovered that the land slopes away from the castle 
wall with a gradient of 0.2. Calculate how far the top of the ladder is below the top 
of the wall when it is placed at 75? to the horizontal. 


Figure 5(a) shows the ladder, FT, standing on level ground, reaching the top 
of the castle wall, BT. FT is inclined at 75? to the horizontal. 


65 


(b) 


Fig. 5 The ladder and the castle wall. 


(a) Usinghsin0 = o FT sin 75° = 65, 
so FT = 65/(0.966) = 67.3 BSF ) 
(b) Using h tan@ — o FB tan 75° = 65, 


so FB = 65/(3.732) = 17.4 (3SF ). 
So the i is 5. ft long and placed 17.4 ft from the foot of the wall. 


(c) In Figure 5(b) the ladder is shown with its Sh at F on the slope, level 
i i irectly under the castle wall. еше 
T MS ёл at C, and since the ladder is still inclined at 


p i in length to BX. . 
IP, EA = Duas I r^ am қ LBFX, 0, must satisfy 


Now in triangle FBX ws sa 
tanó -02, ша»! the gradient of p доре, В es А T — 
So usinr.a tan 0 «o, 17.4 tan = ВХ, so ВХ ==. 
The top of he ladder is 3.5 ft (2SF) below the top of the castle wal 
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SAMPLE QUESTIONS 


1 


2 


“7 


“8 


The sloping roof of a garage drops 2.5 inches over a distance of 18 feet. 
Calculate the angle between the sloping roof and the horizontal. 

A coastguard standing ona cliff top, 34 metres above water level, sights a 
tanker out at sea when the telescope is inclined at an angle of 2.8° below 
the horizontal. Calculate the distance of the tanker from the base of the 
cliff. 

A balloon used to carry a radio aerial makes the wire slope at an angle of 
28° to the vertical when the wind is blowing. If the radio works well so 
long as the wire reaches a height of 120 m what length of wire is required? 
A radio mast 43 m tall is supported by 4 wire stays attached to the top of 
the mast and inclined at an angle of 52° to the horizontal. Find the total 
length of the 4 wire stays. 


A radar station spots an unscheduled aircraft at a distance of 22.5 km on 


a bearing of 225°. Calculate how far west and south the aircraft is from 


the radar station at this time. Precisely 6 minutes later the aircraft has 
moved to a position due west at a distance of 18.5 km. Find the average 
s interval of time. 

long when the sun is sighted at 42° above 
ight of the chimney. Some time later the 
s 1 the new length of the chimney's shadow. 
А children's slide is incli t an angle of 41° to the horizontal, see 
Figure 6. The top of the slide is 3.45 m and the bottom 0.23 m above the 


the slide. Find the angle between the step 
cal if it is 3.7 m long. 


0.23т 


Fig.6 Children's slide. 


Fig.7 Fire-escape ladder. 


A fire-escape ladder mounted оп а tru 
extended of 32 m, so long as it iine 
vertical (Figure 7). Find how close the 
to an upright burning Бий 
the height of the top of t 


Ck 2.2 m above the ground, can be 
ег inclined at more than 12° to the 
base of the ladder must be brought 


ding if the full 32 m length is needed, What is 
he ladder in this Position? 


TRIGONOMETRY 5 
5.3 Three-Dimensional Problems 


Use of perspective diagrams 

Always start by drawing a large 3-dimensional perspective diagram of the 
Situation, marking any known lengths, angles (especially right angles), 
Compass directions, and bearings. 

Label all the vertices, marking the lengths or angles required and construct 
Suitable right-angled triangles to help. 

Draw Separate 2-dimensional diagrams of each triangle or square needed for 
further trigonometrical calculations. 


” Example An aerial 24.8 m tall is supported Бу 4 wires, each 32.7 m long, which 
are joined at the top of the aerial and are fixed to four anchorage points at the 
Corners of a Square, see Figure 1. Calculate (a) the distance of an enchorage point 
from the base of the aerial, (6) the angle between a wire and the vertical, 
(c) the length of one side of the square formed by the anchorage points. 


Fig. 1 (a) Aerial support wires, (b) Complete labelled diagram. 


(igure l(b) shows the aerial AB, the four anchorage points labelled 
BC ud F joined to form the square CDEF, where АВ = 24.8 m, 
(a) Th = ВЕ = BF = 32.7 m. кен 
€ distance АС сап be found by using Pythagoras’ result in triangle 
C, drawn separately in Figure 2(a). 
AC? + АВ? = BC? 


Substituting AC? + (24.8)? = (32.7)? 
quaring AC? + 615.04 = 1069.29 
ake 615.04 AC2 = 454.25 
quare root AC = 21.31 


€ distance from an anchorage point to the aerial base is 21.3 m (3SF). 


(b) Fig. 2 (a) Triangle АСВ. (b) Square CDEF. 
еа е 
пр]е between the wire and the vertical is marked 0 in Figure 2(a). 
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CB is marked h (hypotenuse), ВА is marke: 
Use the ratio form, cos@=a 
0 = 40.67. 
The angle between the wire and the vertical is 40.7 (3SF). 3 
(c) Square CDEF is drawn in Figure 2(b). AC = 213 m, angle CAD = 90°, 
so ACD is a right angled triangle, with angle ACD = 45°. 
Use h cos 0 — a, with hypotenuse CD, adjacent AC and 0 — 45*. 
CD cos 45° = 21.3, CD = 21.3/cos 45° = 21.3/0.707 = 30.12 
The side of the square = CD = 30.1 m (3SF). 
*Example The lengths of some of 


d a (adjacent). 
/һ = 248/327 = 0.7584, and so 


h of chain required. (c) Find the total length 
needed for three seats, each with two Supporting chains. 


50% 


4 
All lengths in millimetres 


x 
Fig. 3 (a) Playground swing instruction leaflet. (b) Labelled diagram. 
Figure 3(b) shows the complete labelled diagram, with V being the point 
midway between X and W, directly below Y 
(a) Triangle XYW, in Figu 


A ге 4(a), is isosceles since YX = YW, so we split 
Into two right-angled 


triangles YVX, YVW, where XV =} о xw 
- 925 mm. 

The angle marked 0 ma be found - i jacent = ХУ, 
Буроо YT. y und by cos 0 = a/h, with adjacen 


:<080 = 925/2250 = 0. 


411, = 65.73°. 
The angle between the rod x Yand the "uri 


base is 65.7° (3SF). 


Y " 
La Triangle yyw 4 (b)Triongle YVZ 
(9) 187 
2250, 2050 
LX d Ww 
и: Vs Az 


Fig. 4 (a) Triangle YXw, 


(b) To find the length YZ we must fi 
drawn in Figure 4(a). By Pythag, 


YV!- XV? = ХҮ? 
YV? +925? = 2250? 
ҮҮ? = 5062 500 — 855625 = 4206875 
ҮР = 2050 (35Е) 


(b) Triangle YVz. 


rst find the side YV of triangle УУХ, 
Oras’ result, 
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Triangle YVZ, drawn in Figure 4(b), has YV — 2050, and 
angle YZV = 50°, so we may use Л sin 0 = o, where opposite = YV 
and 0 = 50°. YZ sin 50° = 2050, so YZ = 2050/0.766 = 2676, and 
the rod YZ has length 2680 mm (3SF). 
(c) The length of chain for one side of one seat is 
(YV — 450) mm = 1600 mm. 
So for 3 seats we need (6 x 1600) mm = 9600 mm = 10 m to the nearest 
metre. 


*Example Іп order to check the height of a lighthouse a surveyor takes sightings 
from two points P and Q, both at sea level, where P is due south and О is due east of 
the lighthouse. The angle of elevation of the top is 22° from P and 37? from Q, Q is 
on a bearing of 028? from P, and the surveyor walks 76 m between the two points. 
Find the height of the lighthouse using each ofthe two angles of elevation, and the 


average height. 


Fig. 5 (a) Lighthouse sightings. (b) Triangle MPQ. 
L 
4 
AA 5 BS 
2 671m И И 35.7m % 
Fig. 5 (с) Triangle PML. (d) Triangle QML. 


Figure 5(a) shows the lighthouse LM, points P and 0, and the lengths and 
angles given. Lengths MP and MQ are needed first, so triangle M PQ is drawn 
in Fig 5(b). Working to 3 significant figures throughout: 


MP = РО cos 28° = 76 x 0.883 = 67.1, 
MQ = РО sin 28° = 76 x 0.469 = 35.7 

Figure 5(с) and (d) show triangles PML and QML, so: 

from Р LM = MP tan 22° = 67.1 x 0.404 = 27.1 m (3SF) 
from Q LM-MQtan3T = 35.7 x 0.754 = 26.9 m (3SF) 
The average height given by the two readings is 27.0 m (3SF) 
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SAMPLE QUESTIONS 

*1 Mr O'Connor wants to build a car port 8 feet wide on the side of his 
garage (Figure 6). The garage is 8 ft 6 in high and he has been told to 
make the roof slope away from the garage at 5° to ensure good runoff for 
rainwater. Calculate the height of the posts needed to support the lower 


corners of the car port and the area of glass needed for a саг port 15 feet 
long. 


Fig.6 Car port. 


*2 


(Figure 7). The angle of elevation of the top 
2°. Calculate, accurate to 2 significant 
adeground, AB, (b) the length of the 


53 


*4 
aoe à ЕР L-shaped bunglow (see Figure 8) has the dimensions 
all the roofs Pil да ВС = ЕР = СС = EG = 68m, and 
BCA, (b) fols at the same angle. Calculate, (а) the roof angle 
А S bove BC, (с) the length GH. 


TERY, 


] Bungalo: 
Fig. 8 galow roof, Fig.9 Church Spire. 


*5 Achurch tower 12.5 m high, is surmount 
square based pyramid (Figure 9). The square base has edges of length 
4.2 m, and the sloping faces are inclined at 26° to the vertical. Find, 


(a) the height of the tip of the spire above the ground, (b) the total 
area of the four faces of the spire. 


ed by a spire in the shape of a 


TRIGONOMETRY 
5.4 Making Waves 5 


Sine, cosine, tangent graphs for 0 to 360 degrees 

у = sin x, у = cos x and y = tan x are the three basic trigonometric func- 
tions. They were introduced as ratios between sides of right-angled triangles 
(see page 83), but they may be evaluated for any x, using a scientific calculator, 
see Table 1 below. 


Table 1 The trigonometric functions. 


270| 300 | 330 |360 


x 10130 | 60 | 120 E СЕЗЕ 


sinx (0105 |087| 1 | 087| 05 01-05 |-087|-11-087|1-05 | 0 
cosx | 1 |087| 0.5 | 0 |-0.5 |-0.87 | - 1 |- 0.87 | - 0.5 0| 05 | 087| 1 
tan x | 0 |0.58 | 1.73 ІШ -058| 0| 058) 173 -1731-058| 0 


Figure 1 shows these values plotted and joined. Тһе sine and cosine functions 
are waves with amplitude 1 and period 360°. The tangent function tends to 


infinity as x tends to 90°, so has an asymptote at х = 90, 270,..., and period 
180°. 
4 sinx 
0 
90 
т ME 
у= 5іпх 
cosx 
9 180 270 
-1 Т 
y=cosx y=tonx 


Fig. 1 The trigonometrical graphs. 


*Example The height above ground level, A, measured in metres, of a seat on a 
fairground Big Wheel is given by the equation h = 4sin 3t+5, wheret sine ш 
in seconds. Calculate a table of values for ^ where t goes from 0 to 1 , in | 

Second intervals. Plot the graph of h and use your graph to read off; 1 а 
maximum height reached by the seat, (b) the diameter of ыг Big ны, 
(c) the length of time for the wheel to make one complete turn, (d) thespeed o 


rotation of the wheel in revolutions per minute (rev/min). 


Use the normal device of breaking down the evaluation of h into easy steps to 
help calculate the values in Table 2. 
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Table 2 


120] 
0 | 10 20 |30 | 40 50 С 70 80 | 90 | 100 | 110 


3t 


360 
0 |30 |60 90 |120 150 |180 (эло 240 270 |300 |330 


ж -05| 0 
sin3 |0|05]| 087| 1| 087 | 05| 0|—05|—087 | -1 о к. н 
4sin3¢ | 0 | 2 35 | 4] 35 2 0 |? -35 =A 1-3: 1 
45іп 31 -" н 4 
%5 517 [85 | 9] 85 7 $5 15 d 


Figure 2 shows the graph of h, plotted for t from 0 to 120. 


(а) The maximum hei 
(b) The difference between the 


(c) The wheel make: 


(d) 


Fig.2 The height of a seat on a Big Wheel. 


ight of the seat is 9 m when t = 30. m 
greatest and least heights of the seat 
(9—1) m =8 m, which must be the diameter of the Big Wheel. 


5 one turn in 120 seconds = 2 min. 
The speed of Totation is therefore Y rev/min. 


SAMPLE QUESTIONS 


71 Calculate a table of 


: values and plot the graph of the functions: 
(a) y -3sinx-l 0s x < 360, 


0. 
(Б -6-2сов4х,0<х<9 
*2 The depth а, measured in feet, of w, 4: 


*3 


4 ies with 

ater at a seaside harbour, varies 5 i 

= 5 с05 15t - 8, where t is poss o 
table of values for d during one 24 


f 
3€ your graph to find, (a) the depth 2 
water at 0800 hrs, — (b) the time When the water is at its least depth: 


(c) the period of time during the day when a boat which needs water at 
least 6 feet deep can enter the harbour, uu 

A vertical spring has a small Weight attached to one end and is селі 
up and down. The length, lcm, of the spring at time t s, is Es in 
p= 18 а 005538: Calculate the length of the spring for t = 0 to the 
intervals of 0.2 s. Draw a graph of land use your graph to find, (a) the 
greatest length of the spring during the following motion, (b) ыг ion 
time when the spring is at its minimum length, (с) the time fo! 
complete oscillation of the weight. 


time according to the formula d 
hours after midnight. Calculate a 
day and plot the graph of q. U 


EQUATIONS AND GRAPHS 
6.1 Algebra 6 


In algebra we use letters to represent numbers, so that x may stand for any 
number. The letter x is called a variable. 
These variables are combined into; 


Example Meaning 
terms 3x? “х squared times 3” 
expressions 5y— (2+2) “5 times y minus the expression (2 plus г) 
formulae v=u+at "v equals u plus a times t^ 


The usual laws of operations on numbers apply, brackets first, then powers, 
multiplication and division, finally addition and subtraction. 


Substitution 
The value of an algebraic expression may be found by substituting numbers 


for the variables and calculating the result. 
Example Given a = 2, b = 4, c = 12 and d= -3 E ae 


(а) ab (b)ad-bc (с) d+./b (а) 3b? fe) 5 (f) СЕН 


Brackets have been inserted to show which operation is to Бе done first. 


(a) ab=2x4 -8 (b) ad+be = (2x – 3)+ (4 х 12) 
= —6+48 = 42 
(с) de b- -3+9 (d) 3b? =3 х (42) 

302 m— -3х16 = 48 
с 0 d4-5b (3) -65x4 

(е) 7-23 Ф 4a 4x2 
103) A 9—20 1 
=g 8 


Example Evaluate the following when p = 7,4 = 4, г= 9 and s = —5: 
(а) (р-а4)2%, (b) (q—2r)(p—s), (с) 3-(2р-4)/5. 


(a) Find the value of the bracket before squaring: 
(p-qy = (7—4)? =P = 9. 
(b) Evaluate each bracket first before multiplying them together: 
(q—2r)(p—s) = (4— (2 x 9)) x (7—(—5)) = (4-18) x (7+5) 
= — 14x 12 = — 168. 
(c) The division by s must be carried out before subtraction from 3: 


—(2р—)/з = 3—((2 x 7)—4)/(—5) = 3— (10)/(—5) 
-3-(-2)- 
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Expanding products and simplifying 
When expanding expressions which containa product involving brackets, the 


contents of the bracket are each multiplied by the term outside, and the 
expression is then simplified by collecting like terms. 


Example Expand and simplify the following: 


(a) 3(x+4)+4(3x—2) (b) Ix S(2x- By) (c) 4a(a+b—c) 

*(d) (a--2b)(a-3b) *(e) Без ва. 

BE Зарга) () 7х-30х-5у) 
Our Mit = Tx —6бх+15у 
=15x+4 "audis 

чыр (d) (a+2b)(a— 30) 


= 4a? + 4ab — 4ac = a(a — 3b) + 2b(a — 3b) 
= a? — 3ab + 2ba — 6b? 


= а? — ab — 6b? 
@ @ = H—9 38-1-38-а 4х-2-12-3х 
3 om 6 2 6 
241х-14 7(х-2) 
ДЭЭЖ теа 
SAMPLE QUESTIONS 
1 eR T LT MR ER 
(a) da (0), bxc {шу ad (d) эв” 
(е) (f) 2с (0) 58426 (h) 5-2 
(0 4a+3b+2c+d (ук GeV Es 


(k) a+bd (I) b?-bc 


b 5-4 a-b 
(m) bc4-cd (n) = (o) E WU. жее 
2 Сіуепр-7,4--5,ғ- 5412, 86-52 evaluate: 
(а) 2r43s (0) pq—rs (с) qs? 
(d) 3p--qs (е) (p~q)/r (7) p(qr— p) 
3 Givenw-e-3x- у Тана 2 = — 5, evaluate: 


(а) x(w—2z) (b) 3yQy—s; 

4 Expand and simplify: 
Сақ млдр; (b) 2Ga--45)—3(5a — 3b) 
*(c) 7a(2a- b) — 3(a*  4ab) *(d) Cruse! иил) 


(3x+2) (2х-4) (by бх—1) (2-х) 
*5 Simplify: (а) 7-5 3 aos 5 


(с) x(5--2wy)— y(8 — xz) 


EQUATIONS AND GRAPHS 
6.2 Factorisation 6 


The opposite process to multiplying out brackets is factorisation, writing the 
expression as a product of terms. 


Example  Factorise: (a) 6a--2ab—3a--ab, (b) 8xyz— 12xy, 
(с) 3t2 —14t + 6ts. 


(a) Collect like terms. Spot the common factor 3a, and factor it out from 
each term. Write the expression as a product, 3a times a bracket which 
contains the sum of products from each term. 


6a + 2ab —3a + ab = 3a + За = 3a(1) + 3a(b) = 3a(1 + b). 


(b) The common factor is 4xy. 
8xyz — 12ху = 4ху(22)-4ху(3) = 4xy(2z— 3). 


(с) 312 =3 x tct, so the only common factor is t. 
3t? — 14t + 6ts = t(3t) — (14) + £(6s) = t(3t — 14+ 6s). 


* Quadratic factorisation 

When two linear brackets, (x +3) and (x +2), are multiplied together the 
result is a quadratic expression. Such expressions are harder to factorise, and 
Understanding the multiplication of brackets is a good preparation to 
factorising quadratics. 


EDLY) -xxx43x24xx243xx 

=x? +x(3+2)+ (3 x 2) = x? Ex 6. 
The loops show which terms have been multiplied together. The two 
eyebrows’ give the x? and constant terms, whilst the ‘mouth and nose’ give the 
two x terms, 3x and 2x. 
So, in general, (x +p) (x +4) = x? +ax + b, if p+q =a and pq = b. 


"Example Factorise (а) x2+8x+15, (b) х2-6х%8, (с) х2-х-12. 


(a) Using the notation above, we need p and q so that p+q=8 and 
Pd = 15. The factors of 15 аге 1x15 or 3x5, and 3+5=8, so 
We try (x +3) (x+ 5). 


G3) (x +5) = x? +15 + 5х + 3х = x? 8x 15 


(0 We nee ive factors of 8 are 
d p--q = —6 and рд 8. The negative tac 
(-1)х(-8) or (—2)x(—4), and —24 —4- -6 so we try 
К+ —2)(х+ —4) = (х—2) (х—4. 


(К—2)(х—4) = x! 4-84 —2х+ —4х = х?—6х+8 
= —12. The factors of —12 are 


(c) 
(—4) x (3) (-Өх(2 and 


We need pq — —1 and pq 
(-1)х(12, (-2х(6, (—3) x (4), 
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(—12) x (1), but the only pair adding to —1 is —4 and 3, so we 
try (x — 4) (x 4-3). 


(x —4)(x +3) = x? 12 4x +3х = x2 -x 12 


When the quadratic starts with a term like 3x?, we must use a more 
general factorisation formula. 


(px + q)(rx + s) = prx? + д5 + psx + qrx = prx? + x(ps + qr) + qs 


Example Factorise: (а) 2x2-- 7x 4-3, (b) 6х2-11х-10 (с) 4х2-9. 


(a) 


(c) 


The 2x? term must come from (2х) x (x) and the 3 from 1x3. 
So there are two possible sets of factors, (2x +3)(x+1) 


(2x + 1)(x +3), avoiding negative numbers initially. The second pair 
works. 


(2x + 1)(х +3) = 2x7 +34 6x+4x 2232 7x 3 


The 6x? term might come from (x) x (6x) or (2x) x (3x) and the — 10 
from (— 1) x (10), (—2) x (5), (—5) x (2) or (— 10) х (1). Therefore there 
are 16 possible pairs of factors, the first two being 


(x — D (6x + 10) and (6x — 1) (x +10).The factors which fit the quad- 
ratic are (2x — 5) and (3x +2). 


(2x -5)(3x +2) = 6x? —10+4х — 15x = 6x? — 11x — 10 


This is an example of the difference of 2 squares, since both terms are 
perfect squares, 4x? = 2x x 2x, and 9=3x3. The factors of this 
quadratic are (2x + 3) and (2x — 3). 


(2x +3)(2х —3) = 4x —9 + 6x —6x = 4x2 -9 
Once this process becomes more automatic it is possible to eliminate 


trying all the pairs of factors, thus focusing on the correct pair more 
quickly. 


SAMPLE QUESTIONS 


1 


%% 


Factorise: (а) 24-р (5) 12g? + бра —3p 
(c) 3r-2s—r-4s (4) 3x?y -6xy + 9xy? 
(e) Sa—10b +2002 (7) S6abe — 4552. 
Complete these quadratic factorisat 
(а) x? -3x —28 = (x +4)(х 
(c) 2x? — 11x —40 = (2x 


ions: 
) b) х2+х-6=(х 2) (x ) 


*3 Factorise: (а) х2 c 6x 4-9 1G 8) (d) 4x? —9 = Qx )Qx ) 


2 (0) x? x12 (с) x +х – 12 
(е) 2 +11х+5 (f) 3х2—13х-+4 
0) 4x .5x—6 (0) бай 23-18 


(4) х2-2х-15 
(9) 2х2—х—3 


EQUATIONS AND GRAPHS 
6.3 What is a Function? 6 


A function f is a mapping from one set to another, using a carefully defined 
rule or formula, so that each element, x, of the first set is mapped to a 
particular element, f(x), of the second set. Functions are often mappings from 
one set of numbers to another, as follows: 

f:x э 3x + 1, which reads ‘f is the function which maps x to 3x+1’. 
Sometimes a function is written in equation form, y = 3x + 1. Then, for 
any value of x, the corresponding value of y is found from the equation 
y = f(x) = 3x4 1. 


Mapping diagram and table of values 
A mapping diagram shows how the function may be broken down into steps 
which demonstrate which operations are being carried out (Figure 1). In this 
case the two operations are ‘multiply by 3' and ‘add 1’. 


x3 +1 
f: х — Зх —> 3x+1 
2 — 6 — 7 f(2) =7 
3 — 9 — 10 f(3) = 10 
7— 21 — 22 f(7) = 22 
-5 — -15 — -14 f(-5 --14 


Fig. 1 Mapping diagram and table of values for the function 
f: x— 3x+ 1, or y = f(x) = 3x+ 1. 
The table of values for a function is a set of coordinate pairs (x, y), 
where the value of y in the pair corresponds to the value of x. Figure 1 
shows how such pairs can be found and tabulated. 
So if x = 2, then y 2 3x 241 = 7, giving the pair (2, 7). 


Cartesian graphs 


Fig.2 The graph of the function f, Fig.3 Solving 3x+1 2 4.5 
у= х) = 3х+1 
One of the easiest ways of understanding a function is from its Cartesian 
graph. This uses two axes Ox and Oy at right angles, and the coordinate pairs 
(x, y), calculated earlier for the function f, are plotted as points and joined to 
give the graph of the function. In the example above the points lie ona straight 
line, see Figure 2, with equation y = 3x + 1. 
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Graphical solution of equations 


The graph of a function f may be used to solve an equation of the form 
f(x) = c, where c is a constant. 


Example Solve the equation 3x - 1 = 4.5 graphically. 


The left hand side of this equation is the function f(x) = 3x + l,already drawn 


in Figure 2 above. Draw the graph of the constant function f(x) = 4.5 on the 
same graph (Figure 3). 
The two lines meet at the 
the equation 3x 4-1 = 4,5 


еп 
Ехатрів А mathematically inclined foreman has noted that when he puts COS 
to digging a trench it takes them 60/x minutes to finish, so long as he uses a this 
than 6 men. If he uses more it still takes 10 minutes. Find a function to describe 


азак іп, 
and draw its graph. How many men should he use if he wants the job finished i 
(a) 15, (5) 5, minutes? 


point (1.2, 4.5), approximately, and the solution of 
is therefore x — 1.2 (1DP) 


The function f: x — [0 if x«6 


Numberof 60 
* minutesto 40 
finish the 20 
ЕТІ 30 20 10 10 wrench 9 


Fig.4 Table of values and Cartesian graph of the foreman's problem 


i к ish the 
Figure 4 shows a table of values and the graph of this function. To finish t 


й Я h. 
trench in 15 minutes needs 4 men, by following the dotted line on the grap 
Clearly it is impossible to finish in 5 minutes! 


Number of men 


SAMPLE QUESTIONS 

1 The function f, is given b: 
(с) (7, (4) f(—3) 

2 The function f is repres 


Yf:x—9—2x Find: (a) г), (b) f» 
(e) x such that f(x) = —1. 
ented by the mapping diagram 


Б х2 +18 


f(x). 
Copy and complete the mapping diagram dd: гозу, (b) the 
function f(x). Solve the equation fo) ? and find: (a) f(2.3), 
3 f(x) = (5+2х)/3. Find: (a) f(—3) (b Ls L3 
4 Plot the coordinate pairs of f, given in fo a oa d S 
curve. Use your graph to solve the equation f(x) = 3 


Ж -3 
21 28 


Square 
— 


EQUATIONS AND GRAPHS 
6.4 Conversion Graphs 6 


A conversion graph is used to display the relationship between two quantities, 
often connected by a formula. Given the value of one quantity the graph is 
used to read off the corresponding value of the other quantity. 


0 i 2 $5 «45 & T B S9 10 
Fig.1 Currency conversion graph, pounds sterling and Japanese yen 


Example The conversion graph drawn in Figure 1 may be used to convert 
between pounds sterling and Japanese yen. From the graph find: (a) £2.30 in yen, 
(b) 3000 yen in pounds sterling, (с) the current exchange rate (the number of 


yen which may be exchanged for £1). 


(а) Draw а vertical line up from £2.30 on the pounds sterling axis until it 
meets the conversion line, then from the point of intersection draw a 
horizontal line across to the Japanese yen axis. 

Reading off the amount shows that £2.30 can be exchanged for 750 yen. 

(b) Reverse this procedure for 3000 yen gives an exchange value of £9.10. 

(с) 10 сап be exchanged for 3300 yen, so £1 can be exchanged for 330 уеп. 


Example The function f: C — F, where F = 1.8 C + 32, converts a temperature С 
in degrees Celsius into the corresponding temperature Ғ in degrees Fahrenheit. 
Calculate a table of values of F for values of C from — 10 to 110 at intervals of 20. 
Plot these values оп a graph using 1 cm for 10 degrees C and 1 cm for 20 degrees F, 
and join with a straight line. Use the graph to find: (а) 25°C in degrees 
Fahrenheit, (b) 155° F in degrees Celsius, (с) boiling point of water, 100°C 
in degrees Fahrenheit. 


Use the two operations ‘multiply by 1.8” and ‘add 32’ on the value of C to find 
the corresponding value of F, shown in the table below. 


с -10 | 0 | 30 | 50 | 70 | 90 | 110 |х18 
18С -18 | 18 | 54 | 90 | 126 | 162 | 198 | |-32 
F 14 | 50 % | 122 E 194 | 230 


Plot the points, using the defined axes, and join to give the graph shown in 
Figure 2, scaled down to fit this page. 
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БЕРЕ СЕР Ер == 


| ЯЛЫГ 
| HY ялан 
ІСІ г. Т | 
Х Hi E 
‘a ИС И 08 
20 0 10 20 30 40 


1 
50 60 di? 80 90 100 120 


Fig.2 Conversion graph for temperature °Celsius to ^Fahrenheit 


Reading from the graph (а) 25% Celsius corresponds to 77% Fahrenheit, 
(b) 155% Fahrenheit corresponds to 68% Celsius, (c) 100% Celsius cor- 


responds to 212° Fahrenheit, the boiling point of water. 


SAMPLE QUESTIONS 


1 Thetable of values shows the cost C in pounds charged by the Gas Board 
for using G hundreds of cubic feet of gas in one quarter. 


G 100 ft? 13 
с Ж 1420 


Draw a straight line graph through the points plotted from these figures 
using a scale of 1 cm to 100 cubi 


ic feet of gas and 2 cm for £1 cost. Use 
your graph to find: (a) the cost of using 5000 cubic feet of gas In the 
quarter, (Б) the amount of gas used if the cost is £20.00, (с) the 
standing charge (made if no gas is used). 
The quarterly rental of a telephone line іс £15 and the cost of calls 5.75р 


per unit. Calculate the charge for using; (а) 0, (b) 200, (с) 400, units 
in one quarter. Use these fi 5 


езе figures to draw a graph of the charges for using 
between 0 and 500 units in the quarter, УШ асас of 2 cm for 100 units 
and 2 em for £10. Use your graph to find: (d) the charge for using 8 
units in the quarter, (е) the number of units used if the charge is £2" 
A кебе "pom 5522 25 for a call-out which includes the first hours 
work, ani per hour for work ite down 
the сон бог а Silken ork done after the first hour. Write d 


39 
24.20 


91 
44.20 


lasting, (а) $ an hour, (b) 1 hour 
(c) 2hours, (4) 5hours. Drawa h. 3 the 
charges for call-outs lasting E eu rM 


EQUATIONS AND GRAPHS 
6.5 Travel Graphs 6 


Distance, speed and time 
When travelling at a steady or constant speed of S kph (kilometres per 
hour), the distance travelled D km, in a time 7 hours, is given by the 


This formula can be rearranged in two ways 8- D/T апа 
T = D/S. When the speed changes the formula gives the average speed. 


distance travelled 


ed — 
ханаж time taken 


Example А тап walks at a steady speed of 5 km/h. (а) How far does he walk in 
3hours? (b) How long will he take to cover the first 2 kilometres? (с) After3 
hours he slows down and covers the last kilometres in 20 minutes. What is his new 
speed? (а) What is his average speed over the whole journey? 


(a) Distance — speed x time — (5 km/h) x (3 h) - 15 km. 
(b) Time — distance/speed — (2 km)/(5 kph) - 0.4 h - 24 minutes. 
(c) Speed - distance/time — 1 km in 20 min — 3 km in 1 hour — 3 km/h. 
(d) Total distance travelled is (15+ 1) km = 16 km. 
Time taken is 3 hours 20 minutes = 34 h. 
Average speed = total distance/time = (16 km)/(33h) = 4.8 km/h. 


SAMPLE QUESTIONS 
1 Find the average speed for the following journeys: 


(a) 120 km in 4 h, (b) 714 km in 7 h, 
(c) 50 km in 3 h, (d) 15 km in 24h, 
(e) 10 cm in 20 min, (/)252 miles in 4h 12 min. 


2 How long will it take a car to travel: 
(a) 300 km at 50 km/h, (b) 60 km at 120 km/h, 
(c) 400 miles at 70 mile/h, (d) 5 miles at 25 mile/h, 
(e) 2.8 km at 56 km/h, (f) 54 miles at 30 mile/h. 
3 How far does a plane travel if it flies at an average speed of: 
(a) 900 km/h for 30 min, (b) 840 km/h for 15 min, 
(c) 1200 km/h for 23 h, (d) 930 mile/h for 40 minutes, 
(e) 425 km/h for 10 min and 535 km/h for 20 min. 
4 Acartravelsat 50 km/h for 2 hours and then at 80 km/h for 1 hour. What 
is the total distance and the average speed for the whole journey? 
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Travel Graphs 


: : Пед 
А journey may be described graphically by plotting the distance eo m 
against the time. When the speed is constant the distance trave 


H 2 9 ient 0! 
proportional to the time taken and the graph isa straight line. The gradie! 
the line is equal to the speed. 


f girls, 
Example The graph in Figure 1 illustrates a 12 km walk made by a party of 9 
starting at 8.00 am, and ending at 1.00 pm. 


T 30? 

(a) How far did they walk between: (i) 0800 and 0900, (ii) 0930 and 11 

(b) How long were each of their rest periods? " 

(c) For what fraction of the total journey time were they on the move 9.30 and 

(d) What was their average speed: (i) in the first hour, (ii) between =- 
10.30, 


3 . 4 ‘or the 
(iii) for the whole journey including resting time, (iv) f 
whole journey ignoring the time spent resting? 


Distance from start 
( km) 


(ii) Between 0930 and ý he 
(b) When the graph is flat t 5 were not changing their distance from t 
rest periods: 


; 10 
1200 to 1230—half an hour, 019 1120— One hour 


ed (1-143) 2p. 


from 0800 to 1300, 5 hours, so they were on the 


1 of 5 hours, 3 of i 

(d) (i) During the first hour the жала ванае. a speed of 5 km/h. 
(0) бермеп 9.30 and 1030 the girls travelled 2 куп, a speed of 2 km/h 
(iii) Over the whole journey, the girls travelled 12 km in 5 hours, a? 

average speed of (12 km)/(5 h) = 2 4 km/h. 

(iv) If the resting time is ignor с : 


i in- rs, an 
average speed of 4 km/h. ед, the girls travelled 12 km in3 hou 


ея 52905 m from Bob's. She sets off from home, walking 
home and walks at 120 mper пате. Опе minute after she starts, Bob leaves his 
same travel graph. € to meet Alice. Illustrate these journeys on the 
(а) How long after Alice left һо 

(b) Are they then nearer to Aces БЕ they meet? 


Оте or to Bob's and by how much? 
Ж 
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Ata speed of 100 m per minute Alice will take 6 minutes to walk the 600 m to 
Bob's house, so we plan and draw the axes as follows. 


Horizontal axis | Time since Alice starts 0-6 тіп | Scale 2cm - 1 min. 
Vertical axis Distance from Alice's 0-600 m | Scale 2cm = 100 m. 
home 


Alice's home (m) 


Distance from 


3 4 
Time since Alice starts 


Fig.2 Travel graph for Alice's and Bob's walk. 


The graph for Alice’s journey is the line ОА, starting from the origin, which 
Would reach Bob's home, distance 600 m from Alice's, after 6 minutes. The 
graph for Bob's journey, is the line BC, starting from Bob's home, distance 

m from Alice’s, 1 minute after Alice starts, at the point B. Had Bob 
completed the journey he would have reached Alice's home 5 minutes later at 
Point C, since he walks at 120 m per minute, 600 m in 5 minutes. In fact they 
meet at the point marked X, at a time 3.3 minutes after Alice starts. The 
Position of their meeting place is nearer to Bob’s home, at a distance 330 m 
from Alice's and 270 m from Bob's, 60 m nearer to Bob's. 


Hints on usin v aphs ЭХ 

raw the time n eid s бас and ‘distance from some fixed point’ axis 
Чр the page. Label and scale these axes, and title the whole graph. Choose the 
scale for time and distance so that: (a) the graph isas largeas the paper epu 
Or greatest accuracy. (5) the ‘in between’ readings are easy to plot and rea 
off, especially on the time scale when hours and minutes are involved, 


a 
© 
ы 


8 


1- 


| 
оС Time (hrs) 
1500 1600 1700 1800 1900 


Fig.3 Car travel graph 


Distance (km) 


o 
о 
ГТ 
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SAMPLE QUESTIONS 

5 Figure 3 shows a car journey. 
(a) How far had the car travelled by 5.00 pm? 
(b) For how long did the driver stop during his journey? ” 
(c) What was the average speed of the car during the first hout? 
(d) What was the average speed for the whole journey, including ДО 

6 Drawatravel graph fora man who starts with а 25 mile hike, walking 4! 
5 mph and resting for 15 minutes after each 5 miles. He then stops for 
2 hours for a meal and returns by train in one hour. i 

7 Alorry leaves the depot and travels at 50 mile/h for 2 hours. The driver 
stops at a cafe for half an hour and then continues travelling for one 


hour at an average speed of 30 mile/h. Draw a travel graph of his 
journey and state how far he travelled. 


8 Bob and Carol drive to visit their sister Anne for lunch, 260 km away: 
They leave at 9 am and return by 7 pm. Figure 4 shows their journey: 


300 


200 


100 


Distance from home (km) 


Time (hrs) 
1700 4900 


Fig.4 Bob and Carol's journey 


о 
0900 поо 1300 1500 


(а) How far аге the 
(b) For how long di 
(c) At what time did the: 
(d) How long did it tak 
(е) What was their a 


at school until Bill агг; 
rived. 
Fred and Mary swim | 
5 8 і і 
swim steadily, Fred ta "neg in а swimming pool 50 m long. They each 


Б Ing 1 ті 
length. Mary gives Fred a Кеше апа Mary 48 seconds to swim опе 
cross? (b) Howm: minute start. 


wi any len; (a) When do they first 
ith Fred? (с) How es have they done when Mary first catches 
"y à any times did they cross before then? 
М a 
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6.6 Plotting Functions 6 


Calculating tables of values 
When evaluating a function for a series of values of x, it is helpful to tabulate 
intermediate terms as shown in the next example. 


Example Evaluate the function f, where f(x) = x?— Зх — 2 for integer values of x 
in the range — 2 to 4, and draw the graph of f. 


5 x? | —3x Е х2-3х-2 Ё! 
-2 4 6 |-2 8 
-1 1 3 |-2 2 
olet о |-2 25 иь 
171: d meg -4 Тэр 
2 | 4 |-6 |-2 -4 % 
3|9|-9 |-2 =2 | 
4 16 |-І2 |-2 2 4 


Fig.1 Table of values and graph of f(x) -х2-3х-2 


Set out the table with columns for x, x°, — 3x, — 2, and the complete function 
f(x) = x? — 3x — 2. Include the negative sign in — 3x and — 2, so that the last 
column is the sum of the middle three columns. 

Work down each column in turn, for instance, to find the entries in the — 3x 
column, multiply each entry in the first column by — 3. 

Use the patterns in the table to check for errors. 

Draw the axes, Ox from — 2 to 4, and Oy from — 4 to 8, taking the greatest 
and smallest values from the f(x) column. 

Plot the points and join with a smooth curve, labelled f(x) = x? — 3x — 2. 


*Example Complete the table of values for the equation y = 18/(x +1) 
and draw the graph for x — 1 to x — 5. Use your graph to find an approximate 
Solution of the equation 18/(х+1) = 5.5 


СИ | 15 
y | 9 |» 
To help the calculation an extra row x + 1 has been inserted in the table. The 
Operations have also been written on the right. 


Б 1 15 | 2 25 13 35 14 45 | 5 |+! 


Кд 95:183-1538:|4 || as 5 |85146 | divide into 18 


М 9 72 | 6 51 | 45] 40 | 36) 33 | 3 
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The points are plotted and joined by a smooth curve, as shown inFig 2. gie 
on the graph the line y — 5.5 and this crosses the graph of y — 18/(x (йі 
x — 2.3, (see the two dotted lines), the approximate solution to the equation. 


SOM 
өгү 
SS SE EEEEE EE 
3 Ct 
1 H HH 
о 1 223 3 4 5 


Fig.2 The graph of y = 18/(x+1) and solution of 18/(x +1) = 5:5 


SAMPLE QUESTIONS ө 

1 The depth of water in a storage tank is 60 cm when full. The volume, 
V litres, of water in the tank when the depth is dcm is given by 
V = 754/20. (а) Calculate the value of V when d = 0, 20, 40, 60. 
(b) State the volume of water in the tank when it is full. (c) Plot the 
points usinga scale 2 cm to 10 cm for d on the horizontal axis, and a scale 
of 1 cm to 20 litres for V on the vertical axis. Join the points and use the 
graph to find: (i) the volume of water in the tank when the depth 15 
17 cm, (ii) the depth when there is 120 litres in the tank. 

2 Solve the following equations by drawing a graph: 
(915-7473 Q)x'-6c43-7 9(012/йх-3)-5 


3 When rewinding a tape the 19 
ing i i 8 | 61 
recorder reading is noted every Recorder reading |109 |8 
5 seconds. 


Time after start oj 5 | 10 | 15 
L 


Using scales 1 cm to 10 on the reading axis, and 1 cm to 1 second on бе 
time axis, plot these points, join, and extend to meet the time axis. From 
your graph find the approximate value of: (a) the total time taken for the 
rewind, (b) the reading on the recorder after 12 seconds. 


4 А shop offers Н.Р. terms repaying over a period of months up to 2 years: 
For the purchase of £100 of 
жәр the monthly iit ушем Period (months) | 6 | 12 | 18 | 24 | 
are shown opposite. Plot a graph 
and use it to estimate: (а) the | Repayment (£) ШЕШЕ |ело |530 
monthly repayment o : А 1 
шин ШАХЖЭЭ ver 8 months, (b) the interest paid for repaying 
*5 The charge, £C, for a time, t hi ЇЇ 
хас 3 2 ours, $ 
spent repairing washing machines is t [010.5 | 1 |1.5 | 2 Ё 
given in the table opposite, p; с |15 [ 20 |25 | 30 [2° 
function for С i Pposite. Find а 


n terms of ts 


ЁС: 
‘ 


and the hourly charge for repair 
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6.7 Interpreting Graphs 6 


A graph is often used to display how something changes as time goes on. 
Typical variables are height, weight, distance, temperature, or speed. 


y Р Ж 54 = Уу 
ЇЕ С / E L / A. 
эс >- -- 
(а) (b) (с) (4) (е) 


Fig. 1 The variation of y with time t. 


Example Describe how y is varying with time, t, in the graphs drawn in Figure 1. 
In each case, match the graph to one of the following situations: (i) the height of 
a boy between ages 10 and 20, (ii) the depth of water іп a bath as it 
empties, (iii) the speed of a car moving between traffic lights, (iv) the annual 
salary of an employee over several years, (v) the depth of fluid in a bottle with a 
narrow neck as it is being filled steadily. 


(a) y decreases steadily with time until it is zero, and this fits the emptying 
bath (ii). 

(b) y increases but the rate of increase slows until it is very small, and this fits 
the growing boy’s height (i). 

(с) y increases steadily for some time and then begins to increase faster 
towards the end. This matches the filling of a bottle where the narrow 
neck makes the level rise sharply towards the end (v). 

(d) yis a step function, constant for a time, then jumping to the new level, 
which fits the employee's annual salary rises (iv). 

(е) y increases steadily to a maximum, remains constant for some time and 
then decreases to zero, matching the car's speed between lights (iii). 


*Gradient 

The steepness of a graph, up or down, indicates the rate of change of 
Y with respect to x, and this is known as the gradient of the function 
X to y. 


gradient 


If y is increasing as x increases then the gradient is positive, as in Example (ii) 
and (iii), whilst if y is decreasing as x increases then the gradient is negative, as 
in Example (i) above. 


Interpreting Graphs 110 


*Example The first 


graph in Figure 2 shows the travel graph of a car journey. 
D 


raw the corresponding speed time graph for the journey. 


iun р 

im ! | r^ 
50 Ф25) Ї 

Ё T Timet) " HHHH те) 
0 1 2 3" © 1 2 3 


Fig. 2 Distance-time and speed-time graphs for a car journey. 


The car travels 75 miles at a steady rate in the first hour, which means а 
constant speed of 75 mph. For the next half hour the car is at rest, travelling 
with zero speed. For the next 90 minutes the car steadily covers another 75 
miles, which means a speed of (75/11) mph — 50 mph. The resulting 
speed-time graph is also drawn in Fi igure 2. 

When the graph is curved, the gradient is continually changing but it can be 
estimated by measuring the gradient of the tangent to the curve. 


*Example Figure 3(a) shows the distance-time graph fora model car projected 


along a level floor. By drawing tangents estimate the speed at 2 second intervals 
and draw the speed-time graph for the motion. 


Speed (cm/s) 


oa 


8 
Fig. 3 Estimating speeds by drawing tangents on a travel graph. 


Draw tangents to the curve at t = 0, 2, 4 and 6. 

oe 2 of m of the Corresponding tangents is measured in cm/s aS 
00, 50, 20 and zero. The points are plotted о -ti joined 

ee р n the speed-time axes and jo 


*Speed-time graphs 
The gradient of a speed— 


; : time graph represents the rate of change of speed 
with respect to time, kno 


wn as the acceleration. 
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*Example Figure 4 shows the speed-time graph for a rocket during the first 
20 seconds of flight. Find the acceleration of the rocket during, (a) the first 
12seconds, (5) the next 8 seconds of flight. 


_ 600 450 

9 Е 

È 400 Ё ЗОО 

8 B 150 || 

pom ; H 150m = 

Time a |e Time (min) 

0 4 8 12 16 20(5) 0 T£ 304 

Fig. 4 Speed-time graph of rocket. Fig. 5 Speed-time graph of tram. 


(а) Тһе rocket increases speed steadily from rest to 600 metres per second 
over the first 12 seconds. This represents an acceleration of (600/12) 
(metres per second) per second, or 50 ms ?. The gradient of the first 12 
seconds of the speed-time graph is 50, matching this acceleration. 

(b) For the next 8 seconds the rocket holds this speed which means the rate 
of change of speed, the acceleration, is zero. 


*Area under a speed-time graph 

The area under a speed-time graph represents the distance travelled. The 
best way to understand this is to start by identifying the distance represented 
by one square under the graph, as shown in the next example. 


"Example Figure 5 shows the speed-time graph of a electric tram. Calculate the 
distance travelled during, (a) the first minute, (b) the second and third 
minutes, (c) the whole journey. 


(а) The tram travels at a steady speed of 150 metres per minute for the first 
minute, making a distance of 150 m, so each large square under this 
graph represents 150 m. 

(b) During the second and third minutes the area under the speed-time 
graph is 4 large squares, representing 4 x 150 m = 600 m. 

(c) During the last two minutes the area under the graph is 3 large squares, 
450 m, so the total distance travelled is (150 + 600 + 450) m = 1200 m. 


SAMPLE QUESTIONS 
І For each of the distance time graphs in Figure 6 sketch the speed-time 
graph and identify which of the following situations best fit, (a) astone 
falling from a cliff, (b) aman Tunning to a bus stop, waiting, and then 
Catching a bus, (с) a billiard ball rolling along the table. 
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Distance Distance Distance 
2 Тїте | / Тїте Ай Time 


Fig. 6 Distance time graphs. 


2 The graph ABCDEFGHI in Figure 7 shows the water level whilst M agi 
takes а bath. Explain the significance of each segment of the grap^. 


520 sto 

Е Е 6 

a = 

Зло л 35 ы 
3 V Time(min) E 2 Time 
Z0 4 8 2 1 20 ?4 


o 4 8 12 
Fig. 7 Jenny's bath. Fig. 8 Speed-time graph- 


Я 1 f 
"3 Figure 8 shows the speed-time graph of a particle. Find: (a) the цайн 
the particle after 2 seconds, (b) the acceleration of the particle in 

last 8 seconds of the motion, 


(c) the total distance travelled by (һе 
particle. 


Fig. 9 The speed-time graph of a саг, 


*4 The speed of a car is Observed at regular intervals of time and the 
speed-time graph drawn in Figure 9 has been drawn from these 
Observations. Use the graph to estimate the speed and acceleration of the 
car when t — 20, 40, 60 seconds after starting. Draw an acceleration time 
graph for the first 60 seconds of the саг motion. Use the area under the 
speed-time graph to estimate the total distance travelled by the car. 
When t — 60 the driver applies the brakes to produce a constant 
retardation of 2872, Extend the speed-time graph to show this 
deceleration and state th 


€ value of t when the car comes to rest. How far 
does the car travel during this deceleration? 
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The function f:x — (x + 1)? is the combination of two operations. 

‘Add Г is written as h:x x 4- 1, and ‘square’ is written g: x х2. 
Thenfiscalled the composite of the two functions g and h and f — gh, written 
‘backwards’ since gh means operate first by h and then by g. 

f(x) = gh(x) = g(h()) = g(x + 1) = (x+ 1) 


— f — Һ(х)-х-1 
h g(x) = х? 
x—— x 1-É (xe 1 f(x) = (x+ 1? 

3— 4—16 


*Example Given functions f:x—2x—1, and gu xa +2 write down: 
(а) ҚЗ), (b) g(5), (c) gf(3), (0) fg(3). Write the functions fg and gf in 
the form x 2... 


(а) ((3)-2х3-1-5. (b g(52542227 
(c) gf(3)- g(f(3)) = g(5) = 27, using the results of parts (a) and (b). 
(d) fg(3) = f(g(3). Now g(3) = 3? 42 = 11, 
so fg(3) = 1) = 2x 11—1 = 21 
fg(x) = f( + 2) = 2(х?+2)—1 = 2x? 43 
gf (x) = g(2x — 1) = (Qx — 1? +2) = 4x? - 4x +3 
So fg: x + 2x? + 3, and gf: x + 4x? — 4x +3 
fg(3) and gf(3) are not equal, so the order of these functions matters. 


"Inverse operations and inverse functions 

The operation ‘add 2” has an inverse, or opposite, operation ‘take 2’. 

The function f: x + x +2 has an inverse function f^! : x + x —2. 

The function в: x > 3x — 5 has an inverse function g^! : x > (x +5)/3. 
The order of the inverses of the two operations 'times 3' and 'take 5' has to be 
Teversed, ‘add 5' and ‘divide by 3’, to make the inverse function. 


gx 25355 pigias ser 


2— 6--і 1--- 6---2 

However some functions do not have an inverse function, since there is more 
than oneanswer when you try to reverse the operation. The function fix ca 
has the Property f(1) = 1 and f(—1) = 1. So reversing this function wou 
Blve two answers for f~ ! (1), namely 1 and — 1. Sucha function has no inverse 
andiscalleda many-one function. Functions which have inverse ien 
called one-one since no two elements are mapped on to the same number. 


(5) 


(4) Break up the function f into se 


(b) 


(c) 


1 


2 


*з 


*4 


*в 


*6 
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" “хэ (2х-1)/3 
*Example Find the inverse function, where possible: (a) f:x— (2x ) 


9:x28/(2—x) x 2, (c) h:x— sinx? 


parate operations, reverse each operation 
in the opposite order. 
x2 =l 


f: x — 2x —. 


and rebuild f~! 


z-i y 1/3 
[1.4 X3 


:Х---> 


315g 


" 3 * е 
For the function g the operations аге more complicated, using ‘chang 
sign’, written +/—, and ‘reciprocate’, written 1/x. 
gx Ss х 25-50 оу) 80825) 
г: 


es xag E ву, 72 gy 2.5. (алуа, х #0. 


Sin 0° = 0 and sin 180° 


= i re 
0, so h is a many-one function and therefo! 
has no inverse. 


SAMPLE QUESTIONS 
* 


Given functions f:x—4x--3, and g:x—1 -x, find: @ m 
(b) в(1), (с) fg(1), (4) gf(1). Write the two functions fg and gf in 
form fg(x) 2.... ‚2. 

Find the inverse operations to: (а) add 9, TY бурэн” ыг divide by 4, 
d) multiply by 2, (e) square root, change sign. 

Write the comodi function described by the following sequence i 
operations, in the form x »...: (a) add 2 and then multiply by 2 
(b) square and then divide Бу 3, (с) take 3, change sign, multiply by 2 
Find the inverse function, where possible: (а) f: x 5х+ 
b) f:ix23-2/xs x #0 (с) fixa =], 

The functions f, g and h ar 


e defined as follows; f:x—+x—3, 
gx x/(2x +1), x € —4, h:x x? + 2x. 


(a) Which of the 3 functions is a many-one function? 

(b) Find h( — 3) and gf(2), 

(c) Write down. 
fh and hf. 


Calculate а table of values for the function f: x — 3x + 1, with values of x 


inthe range - 1104. Draw axes, plot and join up to show the function f 
Find the inverse function f- 1. On the same axes draw the function f Я 
Describe а transformation of the plane which will map the graph of 
onto the graph of ғ. 


‚ in the form X—..., the composite functions 
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Gradient and data zero for y = mx +c 


Fig. 1 The table of values and the graph of a linear function. 


Figure 1 shows the graph of two linear (straight line) functions. 
у = 2x + 1, a particular linear function, meets the y-axis at the point (0, 1) and 


has gradient 2 (see page 116), '1 across 2 up’. 
y = mx +c, the general form for a linear function, meets the y-axis at the 


point (0, c) and has gradient т,1 across m ир. ~ 
c, the data zero, is the value of y at the intercept with the y-axis, so may be 


found by substituting x — 0, and finding the value for y. 

m, the gradient, is the increase in y for a unit increase in x. The height of the 
triangle with unit base drawn in Figure 1 gives this gradient, positive if the 
graph is increasing and negative if decreasing. 


Example Find the data zero, gradient, and draw the graph of: (а) у-1х-2 
(b) 3x+2y = 6. 


(а) у= 1x—2 is already in the general form y = mx +c, with m = 1 and 
c= —2, so the line has gradient 3, and data zero —2, and passes 
through the point (0, — 2) (Figure 2). 


(b) 3x--2y = б can be reorganised into the general form by subtracting 3x 
and dividing both sides by 2. 


3x+2y=6 
—3x| 2y2 —3х+6 
x2 | у= -ix43 
The gradient is — Запа the data zero is 3, givinga graph passing through 
(0, 3), sloping so that *1 across means $ down’ (Figure 2). 
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| ја A dos 
iex 
| 2 
ILE NN 
4 
Ї [A 
= 4 [5 
1 0 34 e: B 
E Г 
у=Зх +1 2x15 
rivi. 
Fig. 2 Fig. 3 


*Example Find the gradient and data zero, and hence the equation, cf ma 
line: (a) passing through the points (1, 3) and (3, —1), (b) passing throug 
(—1, — 2) and parallel to the line y = 3x— 1. 


(a) Figure 3 shows а rough sketch of the line, with a triangle marked on the 
line between (1, 3) and (3, — 1). The slope of the line is “2 across and 4 
down' giving a gradient of — 2, and it is clear that the data zero is 5, by 
moving `1 back and 2 up’ from (1, 3). The equation of the line is therefore 

= —2x+5 or y+2x = 5. 

(b) The gradient of y = 3x —1 is 3, so any parallel line will also have 
gradient 3. From (—1, —2) move ‘I across 3 up’ to reach the 
y-axis at (0, 1), so that data zero is 1. Then the equation of the line 15 
У-3х-і. 


SAMPLE QUESTIONS 

1 Draw the graph of the following linear functions: 
(a) y 2x—3 (Б) 2у-х=5 (0) 2х+3у = 12 (4)5-3х-у 
(e) 7— y = 4х 

2 Find the gradient and data zero of the lines with equations given in 
question 1. 

3 Find the gradient of the line passing through the two points: (a) (2, 0), 
(3,4) (b) (3,2), (5, -4 (0 (3,1), (-2,3) (4) (—1, —2), (4,5) 

*4 Find the equation of the line: (a) passing through (4, 1) witli gradient 2 
(b) passing through the (2,3) and parallel to у+х = 0, (c) passing 
through (—2, 1) and (3, —4), (4) with gradient —} and passing 
through the PS ith 

жб The graph of the line wit equation 5x + 12у = 60 cu oer 
and de y-axis at Y. Find the coordinates of the Met gpa ec 
calculate the gradient of the line. Find, by Pythagoras’ result fhe jengi 

ГХҮ : 

*6 “BCD is a square with vertices A(0, 0), 


5 В(4,1), С(3,5 
Find the equations 9 Ne Which form Таалан Sear 
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Inverse operations 
The equation х +2 = 7 may be interpreted as add 2 to x to make 7. The 


inverse operation of add 2 is take 2 so take 2 from 7 to get x. 


This may be written: x A x+2 or x+2=7 


5 ... 7 -2| х-5 
The first solution uses the function and inverse function notation, which may 
help in deciding which operation to use first in complicated examples. The 
second solution lays the work out in a more traditional form but still shows 
that the inverse operation take 2 must beapplied to both sides of the equation 
in order to find x. 


Example Solve the equations: (а) 5x = 30 (b) 3x-2- 19 


(c) 4(х+1) = 12. 

(а) The inverse of times by 5 is divide by 5, y 5x M 

(b) The function x > 3x — 215 formed from the operations times 3 and take 
2,so the inverse operations must come in the order add 2and divide by 3, 


as follows: 
3x-2- 19 


+2] 3х-21 


+3 х-7 Сһес:3х7-2-19/ 


or in function form: 


(c) The function x > 4(x + 1) is formed by add 1 and times 4, so the inverse 
operations needed are divide by 4 and take 1: 


4(x+1) = 12 
+4 x+1=3 
=| x=2 Check 4(2+1)=4x3= 127 


When x occurs on both sides of a linear equation then the function 

method cannot be used directly, but the rule do the same to both sides 

can still be used to solve the equation. Remember to check the answer. 
Example Solve the equations: (а) 4х+5 = 12-3x (b) 1(2x-3) = 3 


P ч 


Linear Equations 118 


In (a) the first inverse operation used is add 3x, and then the solution follows 
as before. 


(a) 4x45 = 12—3х (b) 10х-3)-3 
+3х | 7х+5 = 12 х4] 2х-3-6 
2—5] 7x27 +3] 2x = 9 
Tj x=1 +2] -1 
Check: 4x 12-5 = 12—3x 1, Check: 1(2х2-3) 

9=9/ =(=} 


In (b) the first operation is times by 4 which has the effect of removing all the 
fractions from the equation. 


*Solution of linear inequalities 

The same method may be used to solve linear inequalities, except that 
operations which involve multiplication or division by a negative number 
reverse the inequality sign. 


*Example Solve the inequality: (а) 3x—2 <10 (b) 2(3-х) »8 


(a) 3x—2 < 10 () 20-х>8 
+2 3x «12 -2|3-х>4 
+3 х<4 -3 -х>і 

х(-1) х<-і 

SAMPLE QUESTIONS 


1 Solve the equations: (a) х+2 = 10 (b) 3x+15=0 

(с) 2х+1=9 (4)5-4х-21 (е) 1(х+1) = 4 
(f) $2x+1)=3 (9) 102-5х)-11 

*2 Solve the equations: (а) 5(х— 1) = 15 (b) 2(3— 5х) = – 24 
(с) 2х+3 = 3х2 (4) х+1 = 3(х 3) 
(е) 20х—3) = 3 (8-х) (f) (х+2)/3 =x-6 
(9) (x—4)/3 = (x+ D/A- 1. 

*3 Solve the inequalities: (а) х+4<9 (b) 2(x —3) 12 
(c) х=5 < 3х+1 (4) х:4<2(х-2) (e) 13-5х>3 
(f) 3(4—х) > 2(3х+9) (0) Qx 5) < х/3 
(h) 28x — 1) < 5x 

*4 Find the largest integer x such that 5x — 7 < 2x 4.3. 

*5 xandyarerelated by the equation 3x -- 4y = 5. (a) Given that x > 10, 
what is the greatest value of y? (b) Find an inequality for x if y « 1. 


6 James chooses a number, doubles it and then adds 7. Th i 
111. Find the number James chose. е answer is then 
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6.11 Problem Solving with Algebra 6 


Rearranging formulae 

Algebra is often used to express a problem in symbols. These symbols may 
form an equation, or a formula, expressing one quantity in terms of another. 
The equation is then solved, or the formula rearranged, and the result 
interpreted to provide a solution to the original problem. 


Example "Think of a number, add 5, multiply by 3 and take 10. If the answer is 
17, what was the number?” 
Start by assuming that x is the number. Draw a flow chart to find the answer 


17, and then reverse each step to find the original number x. 


+5 „+5 X3 3х5) 210 305) - 10 


Ww —X 


17 


<— -- 27 « 
* -5 4 +3 +10 


So the original number was 4. This process is similar to finding the solution to 
the equation 3(х--5)-10 = 17. 


*Example John is going on holiday for 4 days and discovers that the cost of 
hiring a car is £D per day plus P pence for each mile driven. (a) Write down an 
expression for the total cost £C in terms of P, D and M, if he travels M miles 
altogether; (5) Given that the daily charge is £5.50 and the mileage rate is 
1.5p per mile, use this formula to find the total cost if he travels: (i) 750 miles, 
(ii) 1250 miles; (с) Rearrange your formula to express M in terms of C, P, and 
D; (d) Find how many miles he travelled during his holiday if the total charge 
was £45.70, and the rates remained the same as in (5). 


(а) The daily hire rate is £D, so for 4 days this will cost £4D. The mileage 
rate is P p for 1 mile, so M miles will cost PM p, which is £ PM/100. The 
total cost is £C, where C = £(4D + PM/100). 

(b D = 5.50, P = 1.5, so if M = 750, C = ((4 x 5.5) + (1.5 x 750)/100) so 
the cost is 233.25. 

If M = 1250, C = ((4 x 5.5) + (1.5 x 1250)/100), so the cost is £40.75. 

(c) A formula may be rearranged in the same way as linear equations are 
solved. Consider how the function M — 4D + PM/100 is built up, then 
reverse each step in turn, so making M the subject of the formula. 


M >P. рм 10у pagy100 240, 4р +РМ/100 


100(C —4D)/P<— 100(C—4D)—— — C-4D <—— С 
=P x 100 -ар 


So M — 100(C — 4D)/P 


(d) 


Problem Solving with Algebra 120 
C = 45Л, P = 1.5, D = 5.5, so substituting: 
M = 100(C — 4D)/P = 100(45.7 — 4 x 5.5)/1.5 = 1580. 
So he drove 1580 miles on his holiday. 


SAMPLE QUESTIONS 


1 


Жә 


*8 


*9 


*10 


After shopping, Angela has x pence left. Betty has 7p less than Angela. 
Express the amount of money Betty has in terms of x. If Betty really has 
25p, how much has Angela? 

A class has 27 pupils of whom b are boys. Write down an expression for 
the number of girls in the class. In fact there are twice as many girls as 
boys in the class. Find how many boys there are in the class. 
Rearrange y — 3x —7 to make x the subject of the formula. 5 
The final speed v of a body is given by the formula v = u + at, where и 15 
the initial speed, a the acceleration, and t the time taken. (a) Find 0 
when и = 20, а = —12 and t=3. (b) Find t when u = 10, v = 30 
anda= 5. (c) Find the acceleration of a body which goes from rest 
to 28 m/s in 4 seconds. 

n is a whole number. Write down an expression for the next whole 
number bigger than n. If these two numbers add up to 27 find the value 
of n. 

151 people live in a village and m are men. There are 17 more women 
than men and 30 more children than women. Write down, in terms of m, 
the number of women and the number of children. Find how many 
men, women and children live in the village. 


A room measures 3 m by 4 m. A carpet is to be chosen so that there is an 
uncarpeted border, x m wide all around the carpet. Write down, in 
terms of x: (a) the length and breadth of thecarpet, (b)thearea of the 
carpet, (с) the uncarpeted area. 

George is 4 years old. He is 3 years older than his wife and 10 times as 
old s his son. Their ages add up to 81 years. Find the ages of all the 
family. 

Mary hasa 80 m ball of string. She uses it to mark out the perimeter of a 
rectangular plot of land which is 6 m longer than it is wide. She finds 
that she uses 3 times as much string as she has left over. Find the 
dimensions of her plot. j 

Henry goes to buy stamps. He buys twice as many second cla: tamps 
(at 12p) as first class stamps (at 18p). If he buys x first class imi vos 
much does he spend: (a) on first class stamps. р 


p 2 » (5) о 
шшр, (с) in total. Find the greatest number o ) on second class 


buy if he has 25 to spend. f stamps that he сап 


p" — 
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6.12 Simultaneous Equations 6 


Graphical solution 

An equation in two variables, x and y, can be represented as a graph with 
coordinate axes Ox, Oy. Two such equations give a pair of graphs and the 
coordinates, (x, y), of any point of intersection of these graphs will be a 


solution of both equations simultaneously. 


Example Solve graphically the simultaneous equations: 
2x + 3y = 9, Зх - 2y = 7. 


The two equations are linear, giving straight lines which may be drawn by the 
methods given on page 115. Figure 1 shows a table of values for each 
equation, the points plotted, joined, and labelled. The point (3, 1) where the 
two lines meet is a solution of both equations simultaneously, so x = 3, y = 1 
is the solution. This may be checked by noting that (3, 1) is in both tables of 


values, or by substitution. 


Fig. 1 Solution of simultaneous equations 2x + 3y = 9, 3x-2y 27. 


* Algebraic solution 


no simultaneous equations may be solved by eliminating each variable in 
urn. 


р” “ч 
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Example Solve (а) 2x+2y=6 (b) 2х+3у = 9 
3x+4y=8 3х-2у-7 
(а) We may eliminate y by doub- (b) In this case to eliminate у ү" 
ling the first equation and must times the first equation b 
taking the second. 2, the second by 3 and add. Ф 
2х+3у=9 .:: 
2х+2у=6 ...0) 


p MO 

3x+4y=8 ...@ 3x —2у ЖЕ 

Фх2 | 4х+4у= 12 ...@ (QDx2]| Aiye @ 
Qx 3 9x—6y = 21..: 


0-0] х-4 (3) + Ф] 13x = 39 
Substituting х = 4 in 2) gives 2573 x=3 қ 
12--4у = Substituting x — 3 in(Dgives 
-12 4y = —4 6+3y = 9 
+4 y=-1 — 6] 3y =3 
Solution x = 4 and y = — 1. ET “gi 
Check: ы +3] 2 


Solution x = 3 and y = 1. ? 
Check: (1) 2x343x177, 
Q 3x3-2x1=7 


Clearly it is better to eliminate x first when it is easier to make the coefficient 
of x the same. 


0) 2х4-2х(-1)-6/ 
Q зха+ах(-1) = 87 


*Example The function f is given by f:x —^ Зх 2, Draw the graph of ЫН 
function f for —1 <x < 5. Solve by drawing further lines on your graph ! 
equations (a) 3х-2-5 (b) 3x-2-4-x (с) 3x-2- 3x42 


Figure 2 shows the table of values and graph of the function f. 

(а) 3x—2 = 5, may be solved by drawing the line f(x) = 5 on the same axes 
and find the value of x at the point where the two lines meet, which from 
the graph is х =2.3 (10Р). 


x Bx-2 
1— 

= | =з 
1 1 

2 4 

3 7 

4 10 

82) 42 


Fig. 2 Function f(x) = 3x — 2, and the solution of dec 


2-5. 
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(b) 3х-2-4-х сап be solved by drawing the graph of f(x) 2 4—x 
on the same axes. The table of values and the graph of f(x) -4—x 
are drawn together with f(x) = 3x —2 in Figure 3, and the solution 
x — L5 is found from the point where the two graphs meet. 

(c) Figure 3 also shows the graph of f(x) = 3x -- 2, which is parallel to 
f(x) = 3x — 2, but shifted up by 4. Therefore these lines never meet and 
so there is no solution to the equation 3x —2 = 3х +2. 


x 4-х 


Fig.3 Solution о/3х-2-4-хап43х-2-3х-2. 


*Non-linear simultaneous equations 
The next example concerns the simultaneous solution of a quadratic and a 


linear equation. We use a graphical method here. 


*Example Figure 4 is a rough sketch showing the path of a shell fired up a 
sloping range, with a gradient of 2. Taking axes at the firing point the equation of 
the path of the shell is given as y = 1.5x — 0.02х2, where x and y are both measured 
in metres. Draw an accurate diagram showing the path of the shell. Find the 
coordinates of the point where the shell lands and the range up the slope. 


«5 | Ь 
т 30 


20 


Height (m. 


10 


Q 10 20 30 40 50 60 
Horizontal distance (m) 


Fig.4 The shell's path. Fig.5 y= L5x —002x? and 
y=x/3. 


The hill is a line passing through the origin, data zero 0, with gradient 4, giving 

an equation y = 4x, or y = x/3. 

Calculate a table of values for the shell's path and for the hill. 

Scale and label two axes, plot the points and join to give the two graphs given 

i Figures 5. Reading from the graph the coordinates of the point where the 
ell lands on the hill is approximately (58, 19). 


р” “ч 
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x | 0 | 10 | 20 | 30| 40 | 50 | 60 
1.5х | 0 | 15 | 30 | 45) “| 75: | So 
—002x? | 0 | -2 |-8 |-18 | -32 |-50 |-72 
1.5х —0.02x? | 0 | 13 | 22| 27] 28 | 25 | 18 |... shell's path 
х/3 | 0 | 33| 67| 10| 133| 167| 20 |... the hill 


The range up the slope is the distance from (0, 0) to (58, 19) which may be 
calculated by Pythagoras’ result as \/(58? + 19?) т = 61 m (2SF). 


SAMPLE QUESTIONS 
1 Solve the following simultaneous equations graphically: 


(a) x+2y=7 (b) 3х-2у-6 (c) 2х+5у=9 
3x-y=9 x+4y=8 6x+y= -2 
(d) y 23x—6 
3х+2у=8 
*2 Solve the following pair of simultaneous equations algebraically: 
(а) х+у= 4 (b) х+2у = 8 (c) 2x -y = 12 
х-у-2 2х+3у = 14 3x+5y=5 
(d) 3х-у--і (е) 3x-2y = 1 (f)5x + Ty = 14 
х+4у = 17 5x—4y = 3 3x—6y = 39 
(g) 2y—5x = 0 (h) 4x = 6—2y 
3х +4у = 26 у= 5х—4 


*3 Whilst queuing for tickets I noted that the lady in front of me bought 5 
adult and 3 children's tickets for 217. I then bought 3 adult and 2 
children's tickets for £ 10.50. Let x be the cost of an adult ticket, y be the 
cost of a children ticket, and express each of these two statements as an 
equation in x and y. Solve the two equations to find the price of each 
ticket. 

*4 Draw the graphs of y = 5— xand y = x? +3, on the same axes. Use your 
graph to find the solutions of the two equations simultaneously. 

*5 The functions f and gare given by f(x) = x? — 3x and g(x) = x + 5, Find 
the values of x for which f(x) = g(x). 3 

*6 Solve the equations simultaneously by use оға graph: 


(а) у= 2x (0) 2 (с) у=2х+3 
у-х шинийн у= х? Es 

(d) y = 12/(x+2) dE 
ан 


ж7 Тһе function f is defined by f: x > 2--8/х, (x + 0). 
Evaluate f(1), f(2), f(4) and 62). Find x when f(x) = x, 


nd е 
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6.13 Quadratic Equations 6 


Solving by factorisation 
Consider a quadratic equation where the quadratic expression can be 
factorised, written as the product of two linear factors. The equation states 
that the product of these two factors is zero, which occurs only if either of the 
two factors is zero, giving two alternative solutions. 
*Example Solve these equations by factorisation: (а) (х+1) (x2) 2 0 
(b) x2—5x+6=0 (с) х2+х= 12 (а) х2-4х-4-0 
(а) (x--1)(x —2) = 0 means that either x-- 1 -0огх-2-0, 
so either x = —1 or x = 2, giving a solution set { — 1, 2}. 
(b) Factorising the quadratic x? — 5x + 6 (see page 97) gives 
x? —5x+6 = (x—-3)(x-2) = 0. 
Then either (x —3) = 0 or (x —2) = 0, so either x = 3 or x = 2. 
(c) Bring all the terms to the left hand side by taking 12 from both sides. 
Factorising the quadratic expression x? + x — 12, gives 
x? 4x —12 = (x—3) (x 4) = 0. 
Then either x —3 = 0 or x +4 = 0, so either x = 3 or x = —4. 
(d) Factorising x?--4x--4 gives two equal factors (x+2)(x+2). 
Therefore the only solution is x +2 = 0 which means x = — 2. This is 
called a repeated solution. 


Solving by a graph 

When the quadratic expression does not factorise then one method of solving 
the equation approximately is by drawing a graph and reading off the 
solutions. 


*Example Solve the equation, (a) 2x2—6x-5=0 (b) 4x-x?= —3 by 


using a graph. 
(a) Calculate a table of values, selecting the x values in this example so that 
the quadratic expression changes sign twice to give two solutions. 


x E -1 0 1 2 3 4 5 
2x? | 8 |2 0 2 8 18| 32] 50 
-бх | 12: "| 76 0 |-6 |-12 |-18 | 224 |-30 
2x! —6x —5 | 15 3 1-5 |-9 -9 |-5 | 3 15 


Plot these points on suitably scaled axes, join up and label the quadratic 
curve y = 2x? — 6x — 5 (Figure 1). 

Note that 2x? -6x —5 = 0 at two points on the x-axis and the 
approximate values are x — —0.7 and x — 3.7. 
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Fig.1 Solution of the quadratic equation 2х2-6х-5-0. 


(b) We first transfer the —3 term to the other side by adding 3 to both sides, 
so that the equation becomes 4x —x^ +3 = 0. 
Calculate a table of values as before. 


Fig.2 Solution of the quadratic equation 4x — x? = _ 3 


Plot these points on the axes as shown in Figure 2, join u 
curve y = 4x — x? +3. Е p and label the 
Then the solutions to the equation Ax x? - 3 — 0 ar 

where the curve cuts the x-axis, which are x = — 0.6 эв ae уне 
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Solving by numerical approximation 
A better approximation than is possible from the graph can now be made by 
numerical approximation. We are looking for the value of x when the 


quadratic changes from positive to negative or back again. 
Example Find a 2 decimal place approximation to each of the two solutions of 
2х2-6х-5-0. 

We use a calculator to evaluate q(x), where 4(х) — 2x? -6x—5. 


First Solution Second Solution 


trial value lies between trial value lies between 


х q(x) x (х) 


-07 018 | -07 and 0 3.7 0.18 30 and 37 
-06 -068 | —07 and -06 | 36 —0.68 36 and 37 
—0.65 -0255| —07 and -0.65| 365  —0255 3.65 and 3.7 
—0.68 0005 | —0.68 and —0.65 | 3.68 0.005 3.65 and 3.68 
—0.67 -0.082 | —0.68 and -60.7 | 367 | —0.082 3.67 and 3.68 


So, to 2 decimal places, the solutions are x = —0.68 and x = 3.68. 


*Solving by the formula Р | 
The general formula for the solution of a quadratic ax? + bx +c = 0, is: 


а= 
sbi чем solongas b? >4ас. 


Las 2a 
If b? « 4ac then the quadratic equation has no solutions. 


following equations by the formula: 


*Example Solve the 
(b) 5х2-3х-9-0 (c) 2x? «4x4 3-0 


(а) 3х2—5х+2 = 0 


(а) Substituting a = 3, b = — 5, c = 2, into the formula gives, 
—(—5)+,/(—5)#-4х3х2 53,1 
х- - = 1 ог 3. 
2х3 6 


(b) Substituting a = 5, b = 3, c = —9, into the formula gives; 


-34/37 —4x5x(—9) -3%,19 
Sa 2x5 10 


1.075 or — 1.675 (3DP) 


(c) 
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Substituting a — 2, b — 4, c — 3, into the formula gives: 


ay 2. EM = 
шоо : а х2х3 _ ны 8 which cannot be found. 
x 


In this case b? « 4ac, and so the quadratic has no solution. Ls 
corresponds to a quadratic curve lying totally above the x-axis. So 
quadratic expression is always positive and never equal to zero. 


SAMPLE QUESTIONS 


NI 


"3 


*4 


*5 


*6 


"7 


*8 


Solve the equations by factorisation: 


(a) (х-3)(х-1)-0 (b (2х--5)(х-4)-0 
(с) (3х—1)(5х+1)=0 (d) x-9x 48-20 

(e) x?-2x—-15-20 (f) x-4x- 520 
(g9) x?—2x—63-20 (h) х2-7х-44-0 
() х2-49-0 (j) 2х2-3х-1-0 
(k) 3х2-4х-15-0 () 6х2-7х-20-0 


Solve the equations, accurate to 1 DP, by drawing а graph: 
(а)х2-8х%8-0 (Ь)х2%3х-15-0 (с)хі-3х-5-0 
Calculate a table of values of f(x), where f(x) = 2x? – 2x — 1, and draw 
the graph of the function f for x in the range —3 < x € 4. Find two 
approximate solutions to the equation f(x) — 0 from your graph an 
then use a numerical approximation method to improve the accuracy 0 
your solutions correct to 2 decimal places. 

Repeat question 3 for the following functions, choosing a suitable range 
of values of x: 


(а) f(x) = х?+3х—5 (b) f(x) =x? -4x+4+2 
(с) f(x) = 2x?+3x—4 (d) f(x) =4x+1—x? 
(e) f(x) = 3x? -2—2x (f) fo) -7х-х2-4 


Solve (x — 2)? = 9, by taking the square root of each side of the equation, 
(remember there should be two solutions). 


Solve the following equations using the method of question 5: 


(а) (x+3)? = 16 (b (2x—5)? = 36 
(с) 6-23? = 81 (d) (3х—4)2 — 10 
(е) (2х+7)#=5 (f) (8—3x? = 19 


The function f is defined by f: x — x? — 6 for all values of x. Find the 
values of x for which, (а) f(x) = 10, (b) f(x) = x. 

Use the formula method to find the solutions, if any, 
equations: (a) x? —7x +9=0 (5)х2-4х-11-0 
(с) х? +3х+5=0 (d) 3х*—5х+8=0 (е) 2x? — 7x - 4 — 0. 


of the quadratic 
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6.14 Linear Inequalities 6 


Intervals on the real number line 

It is useful to be able to specify a subset of the real numbers, such as: ‘all the 
numbers less than — 2’, or ‘all the numbers from 3 to 7. These regions can be 
shown by shading the region of the real number line, and described by 


inequality symbols: x < — 2, or 3 < x <4. 


Example (a) State the inequalities which represent the shaded regions 
on the real number line shown in Figure 1 (а). (b) Indicate by shading on the 
real number line the region satisfying: (i) x <2, (ii) —1 «x «2 or3«x«4, 
(iii) x >O and x « 3. 


goo ББЕРСЕНЕНЕЕЕЕ 
ШТ от aa (Йа 07723 4% 


| ct Гы ка ИЕ, 
mea o a e $4 ЧО бт 2 33" 


1—0 —1—2—3—3 * 


(iii) а * = + 3—5 


жя Oo 4 ea у 4 


Fig. 1 (а) Reading inequalities (b) Drawing inequalities 


(a) (i) Theshaded region is all the numbers greater than 1, written x > 1. 
(i) The region is the numbers from —2 to —1, including the 


endpoints, so x > —2 and x € — 1, which can be written as a 


double inequality —2 € x < — 1. 
(ій) The region is (i) or (ii), so it is written x > lor —2 < x < —1. 
(b) (i) x <2, is the set of numbers 2 and below, shaded in Figure 1(b)(i). 
(i) -1«х«2 or 3«x« 4 is shown as two regions in 


Figure 1(b) (ii). 
x20 and x<3, is the same as Ox <3, shown in 


(iii) 
Figure 1(b) (iii). 


* Inequalities іп two variables 

Inequalities in two variables x and y can be shown as regions in the Cartesian 
plane, Oxy. It is common practice to shade the unwanted region when 
considering the region satisfied by several inequalities. 


"Example Indicate by shading the unwanted region, the area of the Oxy plane 
satisfied by the three inequalities, x > 2, y > — 1, x+y < 5. 
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The edges of the region are lines 
found by replacing inequality by 
equality symbols. 

x > 2 is the region on the right of 

X — 2, a vertical line through (2, 0). 
y > —1 is the region above the line 
y= —1, a horizontal line through 
(0, — 1). 

x+y < Sis the region on the left and 
below 

х+ у = 5, a line passing through 
(5, 0), (0, 5). 

The three unwanted regions are 
shaded in Figure 2 leaving the trian- 
gular area clear. apes a the 
In some applications we may be looking for all real numbers satisfying : 
inequalities. In others we may only be concerned with the integer solution: 

satisfying the inequalities. 


*Example On the Cartesian plane, shade those regions where the Шо 
inequalities are NOT satisfied: x + 2у < 10, 9x + 4y > 36, x < 2y. List the integ 
coordinate pairs (x, y) satisfying all three inequalities. 

The boundary lines for these regions will be the lines x+2y = 10, 
9x +4у = 36, x = 2y. Find a table of values for each line and then select two 
further points, one satisfying and one not satisfying the given inequality 
(Figure 3(a)). The points on the lines may now be plotted and joined, and the 
two further points used to indicate which regions are to be shaded. 
Figure 3 shows these lines and regions and the unshaded triangle contains 
three integer coordinate points, (3, 3), (4, 2) and (4, 3). 


x+2y=10 


x)» 


0 |5 


5 |5 No-shade 


t2 Yes-leave blank 


W 

N ANY: 
й 
Fig.3(a) Table of values (b) x+2y € 10, 9x +4y > 36:52 2y. 


131 Linear Inequalities 


* Linear programming 

Decisions must often be made to try and get the best results given certain 
constraints. These constraints may often be expressed as linear inequalities 
and linear programming is the use of graphical methods to find the best 
solution to such problems, the cheapest cost, the greatest output or the 


shortest time. 


*Example Oranges cost 9p and peaches cost 12p each. | have £ 1.20to spend on 
a fruit salad and | want to use at least 3 oranges and more peaches than oranges. 
Assuming that | buy x oranges and y peaches, express these conditions as 
inequalities and show that in the Oxy plane there are 8 possible decisions that 
could be made. From each orange | can get 200 g of usable fruit and from each 
peach 150 g. How many of each must I buy for the largest amount of usable fruit? 


The cost of 1 orange is 9p, so x oranges cost 9xp. 

The cost of 1 peach is 12p, so y peaches cost 12yp. 

To keep the total cost below £1.20 1 need 9x + 12у < 120. 
To use at least 3 oranges I need x 23. 


To use more peaches than oranges 1 need y > x. 
The three boundary lines are drawn in Figure 4 and the unwanted regions 


shaded as in the previous example. Note that the y — x boundary is not part 
of the region and so is shown dotted. There are 8 integer solutions marked 


with a small ring in the clear triangular region. 


1) ! 
ІШІ 
ІШІ 
ІШІ 


o 1 2 8 42-567 8 9 


10 11 12 13 oforanges 


Fig.4 Choosing oranges and peaches for a fruit salad. 


On the right of Figure 4а larger version of this region is drawn, and within 
each ring the amount of usable fruit in grams has been calculated. Two sample 
calculations are shown in the table on page 132. 

From the diagram it is clear that the best decision is to buy 6 peaches and 5 
oranges giving 1900 g of usable fruit. 


Nm 
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Oranges (x) Peaches (y) Usable fruit in grams 
3 S 3x200--5x150 — 1350 
4 7 4 x 200 +7 x 150 = 1850 


SAMPLE QUESTIONS 
1 Find the inequalities given by the shaded part of the line below. 


x 

a 2 

баһа a cr bza ao 3 ab 
—ÀM— 2 ism ЕЕ ЕЕ RA 
ПШ es де — (die——8—172 2 7 


2 Indicate by shading оп the real number line, the inequalities: 
()2<х<4 (b)-1<x<lorx>3 
()x«4andx2 -2 (4)х<-іогх>2 

3 State the integer values of x satisfying the inequalities: 
(а) -1<х<2 (Б) 05 <х<3.5 () –-48<х< 7 
(d)x 20andx <2 ion 

*4 Shade the unwanted regions of the Cartesian plane to show the reg te 
where the following inequalities are satisfied. List the integer coordina 
solutions of these inequalities. 

()2<х<4,1<у<3 (Б) х> 0, у> 0, х+у < 3.5 
()x22,y&4x-«y*l (4)х<5,у<6,х-у>7 
(е) х<у+1, у<х+1, х+у>1, х<2 

*5 І һауе room іп my garden for 7 trees and I want to plant x apple пе 
costing £15 each, and y pear trees costing £10 each. 1 must have at leas 
2 trees of each sort to ensure fertilisation and I have 4,90 to spend. write 
down 4 inequalities in x and y and represent these by shading the 
unwanted regions in the Cartesian plane. I estimate that in three yea! 
time І can expect to get £7 of apples from each apple tree and £5 of 
pears from each pear tree. Calculate for each of the possible decisions the 
value of the fruit I expect to get, and indicate the best decision to take tO 
ensure the maximum return. 

*6 Jean wants to buy some model horses and pigs for her farm. She has 
decided to buy at least 3 horses, more pigs than horses and at most 12 
animals. Draw a diagram to show the Possible purchases shecan make. I 
the horses cost 20p each and the pigs 10р each, find (a) the least amount 
she can spend, a the оа үде she can spend, 

*7 A baker has shelf room for loaves. He bak, 2 

и brown, makes a profit of 10р on each white Lr PP eine d ша 
and he knows that he sells at least twice as many brown Bas a 
How many of each should he bake for the greatest Profit? eun 


1.8 


pc 


STATISTICS 7 
7.1 Collecting and Sorting Data 


In today's world we are inundated with information. For this to be useful it 
has to be collected and organised in a sensible way. The original sna 
raw data, is often produced by, or sorted into a tally table. Marks шэн n 
one for each item, grouped in fives for ease of counting, and then added up to 
Біуе the frequency of each result. 


Averages: mean, mode, median 

e J ? 5 
^n average is a single value, a statistic, which represents a complete Эр чи 
data. The mean is the average used most often, found by adding up all the 
values and dividing by their number. Two further averages are the mode, the 
most common value, and the median, the middle value, when the values are 
Placed in order of size. 


Example The two sets of numbers (a, 7, 3, 9, 2) and (4, 8, 3, 5) have the same 
mean. Find the value of а and the median of each set of numbers. 


The sum of the four numbers 4, 8, 3, 5 is 20, so their mean is 20/4 — 5. 
ince the mean of the set of 5 numbers a, 7, 3,9, 2 is also 5, their sum must be 

5х5 = 25, Therefore a+7+3+9 +2 = 25 and a = 4. 

Order each set first, then the median of (2, 3, 4, 7, 9) is 4, and the median of 

8, 4, 5, 8} is 4.5, the average of the two middle numbers. 


Example Anita and Mary carried out a survey of the number of people in cars 
travelling past their school. They produced the table: 


People in each car % Tally Total 
1 HN 1441 111 
2 Hn un mn 11 
3 UH сан! 
4 11 1 
5 11 


Complete the ‘Total’ column. (5) How many cars did they observe? 
(c) Ow many people travelled in these cars? 
(d) Write down the modal number of people in a car from this sample. 
(e) Calculate the mean number of people in a car in this sample. 
Using the tally marks the totals are: 
54543-13 5454542=17 545-10 5+1=6 2 
(b) The total number of cars is the sum of the ‘Totals’ column. 
13+17+10+6+2 = 48 cars. 
(0 Тһе number of people travelling in these cars is 
(13 x 1) + (17 x 2) + (10 x 3) + (6 x4) (2x5) 
E t 30+ 24+10= 111 people, since, for instance, the 10 cars 
(4) Theineas шор total 10 x 3 — 30 people. | 
ound from the greatest frequency, 17, which corresponds 


үн 
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to 2 people in a car. So the mode is 2, not the frequency 17. 
(е) А total of 111 people travelled in 48 cars, so the mean number of people 
in a car is 111/48 — 2.3125 — 2.3 (2SF), rounding as usual. 
SAMPLE QUESTIONS 1 
1 Theletters collected from a postbox on one day were classified according 
to the type of address, by: A(venue), C(lose), R(oad), S(treet), O(ther). 
Tally the following letters and complete a frequency table. 


5 
SSRARASROROSACROCCSSRAR? 
TIE DUECROACR О 8 408: AUR OG S40 R8 St 21.2 
ARSCRSSARSRCOROSSAOOSR 


Find: (a) the most common type ofaddress, (b) the fraction of all the 

letters collected which used that type of address. int 
2 Theresult ofa traffic survey showing the vehicles passing the survey pO 

in one hour is given in the table below. 


Vehicle Number of vehicles 
bicycle HH Ht 11 12 

motorbike Hit 111 

car HH HH HH HH HiT! 

light van HH HH 

heavy van | HH HH HH 

tanker 1111 

bus HH 11 


(a) Fill in the heading for the middle column. (b) Complete the third 
column, (c) Find how many vehicles passed the point in the hour. | 

3 Jacob measured the weekly rainfall over 6 weeks. His results, n 
centimetres, were 6, 10, 9, 4, 5, 6. Calculate the average (mean) rainfall. 

4 Theset of numbers {8, 5, 4,7, б, x} has mean 7. Find the value of x, and the 
median of the set of numbers. 

5 The heights, in centimetres, of seven pupils are 126, 124, 117, 129, 132, 120, 
127. Find their mean height. 

6 Write down three different numbers whose mean is 6 and median 5. 

7 Ona box of 'Signet matches is printed “Average contents 50 matches”: 
The contents of 100 boxes were counted with the results: 


Цас 49 | so | 51 | 52 
Number of boxes | 2 | 6 28 45 


Number of matches in a box 


i d (ii) the mode numb 
(a) Calculate (i) the mean an Dc rums РА 
(b) A box is taken at random from the sample. Find the Probability that ^ 
will contain at least 50 matches. y 


STATISTICS 
7.2 Charts . 7 


Piechart and barchart 

шан represents data by the sectors of a circle, or “pieces of pie’. The 

of data : sector is proportional to the frequency of the corresponding class 

bare barchart represents data by a series of parallel bars. The height of a 
Proportional to the frequency of the corresponding class of data. 


Out of this, she plans to spend 
d £10 on entertainment. Of the 
half. Express this information 


Exa ns 

£20 ois Julie's take home pay is £90 per week. 

Test she wn £25 on food, £15 on running her car an 

in 5һе will spend half on clothes and save the other 
а piechart. 


The t; 
he table shows how the £90 is shared out. 


A а Р 
fter rent, food, car and entertainment the Total 490 | 360 


remainder is 490—420 — £25 - £15 - £10 қ 

220; so £10 is spent оп clothes and she saves rent £20 80° 

А The total angle in a piechart is 360°, so food £25 | 100° 

hae. = £1:4° and the angle column is pom E s 
11 дар 

y multiplying the costs column by 4. clothes | £10 40° 


The Piechart is drawn in Figure 1, below. save £10 40° 


510 
5 | 
aN 5 4 же | 
5 4 SN 7т d 
p 
Number of cousins 


Fig.1 Piechart showing Julie's Fig.2 Barchart showing number of 
cousins of children in class 2T. 


expenditure. 


ber of cousins of the children 
4 cousins? (6) Write 
r child for the 


Example The barchart in Figure 2 shows the num 
of class 2T. (а) How many children have more than ( 
down the mode. (с) Calculate the mean number of cousins ре! 


Children in class 2T. 

(а) The number of children with more than 4 cousins is 4-- 1 +1 = 6. 

(b) The mode, the tallest bar, is 2 cousins. 

(c) The total number of cousins is (0x 3) + (1 x 5)+ Qx8) x7) 
3E (4 x 5)+ (5 x 4)+ (6 x 1)+ (7 x1) = 95. The total number of children 
is 354-847-5441 +1 = 34, so the mean is 95/34 = 2.8 SF) 
cousins per child. 
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SAMPLE QUESTIONS 

1 Thepiechart in Figure 3 shows how a Sports Centre is being used. There 
are 8 people weight lifting. How many people are using the centre? How 
many are playing either squash or table tennis? 

2 The numbers of children in each of 18 families is as follows: 


Number of children in family 0 | 1 2 | 3 4 


Number of families 4 | 3 6 | 4 1 


(a) Draw a piechart to show this information. (b) Drawa bintan с 
show this information. (c) Write down the modal number of chil г 
per family. (d) Calculate the mean number of children per family. 


mnastics 
ч Моп 
Tues 


\ 760° Wed 
vy m P 
K << 22: 22 4 - 
Sot “і 
O 50 100 150 200250 300 35 
жайыла cone Fig.4 Number of stamps sold each dày. 


3 Figure 4 shows the number of first class stamps sold each day in à post 
office during one week in December. (a) How many stamps were 50. p 
on the Thursday? (b) How many stamps were sold during the week? 
(c) What is the daily average (mean) number of first class stamps sol 
during that week? (4) Use this information to estimate the value of the 
total number of first class stamps sold in one year (52 weeks) if a first class 
stamp costs 18p. (e) State one reason why your estimate may be 
inaccurate. 

4 Ina piechart showing Grant and Ellie’s monthly household spending, the 
angle of the sector representing food is 48°. Their total monthly 
household spending is £240, find how much they spend on food. 

5 Draw an accurate piechart representing the 


: following information 
about the pocket money received by the children in 4 am 


Pocket money received 50p | бор | 70р | зор sop | zi 


5 8 


Number of children 4 E 1 | 2 


How many children received at least 70p per week бер 
Calculate the average (mean) pocket money received, «ишлер 


d. 
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3 Pictorial Information 7 


Pictograms 


A pictogram, often used in the media, is a pictorial way of representing data. 
ach Picture stands for a given number, the scale number, and parts of a 
Picture may be used. 


Example Figure 1 shows the number of TV sets in four towns. Each symbol 
represents 100 sets. How many TV sets are there in: 
(a) Brinksley, (b) Sadborough? How many more TV sets are there in Upton 
than Grimesport? 


Brinksley Moo m m om 
Grimesport hod hon h oh 
Upton Mon oh oh oh oh oh mon hom on n 
Sadborough ана! 
Fig. 1 Pictogram: TV sets in Rorkshire. 


(a) There are 8 symbols opposite Brinksley, representing 8 x 100 = 800 
sets. 

(b) There are 4} symbols opposite Sadborough, 41 x 100 = 450 sets. 
There are 13 x 100 — 54 x 100 = 1300 — 550 = 750 more sets. 


Misleading scale pictures 

The size of a picture is often use 
-dimensional picture the frequency s 

figure and not by its linear dimensions. 


d to indicate the frequencies of the data. In a 
hould be represented by the area of the 


"Example State why the advertising in Figure 2 is misleading. 


BLOGGS THE BUILDERS 
We doubled our output of houses a [3 


in EACH of the last two years 
? 1983 1984 1985 


Fig.2 Misleading statistics. 


The pictures are drawn with double the linear dimensions each year. This 
means that the area is multiplied by 4 each year, which gives a misleading view 
of the growth in the building of houses. 
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*Scatter diagrams 
When one quantity y, varies with the value of a second quantity x, à scatter 
diagram is used to draw the graph of the function y = f(x). The values, results 
of measurements, may not lie exactly on a smooth curve, so a curve of best fit 
is drawn by eye to fit the points as closely as possible. If the function is linear 


the line of best fit may be drawn using a transparent ruler and can then be 
used to predict a value of y for a given value of x. 


"T " ime 
*Example Thetemperature of a beaker of liquid is measured оуега period of tim 


with the following results. 
1100 |1102 | 1104 |1106 |1108 
95 89 80 76 67 


+ " i imate 
Plot these points on a scatter diagram and draw a line of best fit. Use this to estima 
the temperature of the liquid at (а) 1109, (5) 1120. 


Time (hours) 


1114 |1116 
Temperature (? C) 


49| 39 


1110 
60 


Temperature (°С) 


1100 104 108 m2 116 120 
Time ( hrs) 


Fig.3 The cooling of a beaker of liquid. 


Figure 3 shows the points plotted and a line of best fit d. 
Ет this line the estimated temperatures may be rend. rawn by eye. 

At 1109, 65°C, (Б) at 1120, 26°C, BUT this is a very d 4 
ое this is outside the range of y doubtful estimate 


| the data. In reality the temperature may 
well not continue to fall linearly as it nears room temperature. 
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SAMPLE QUESTIONS 
1 Figure 4 shows the number of parcel transported by a carrier firm over 


the last four years. Each small parcel represents 1000 parcels. 


1983 EB E EB EB. EB EB EH EH EH HH 

1984 EB EB EB EB EB EH EB EH EB EB. EB Eb 

1985 E8 EB EB EH EB EB EB EH EB EB EB EH EH е в 

1986 E] EB EB EB EB EB EH EB EB EB EB EB EH EH EB EB EH EH H3 cm 


Fig.4  Parcels carried during the last four years. 


(a) State the number of parcels carried in 1984. (b) Calculate the 

percentage increase in the number of parcels carried between 1983 and 

1986. (c) How many small parcels will need to be drawn for 1987 if the 

number of parcels carried falls 4750 below the 1986 figure. 

2 Stateone way in which you think the information given in Figure 5 may 
be misleading: 


Production іп10005 Turnover in £1000s 


110 
90 
7O 
50 
1984 1985 1982 1984 1986 
(a) Production has doubled during 1984. (Б) In 1986 the turnover will be 7/110 000. 


Fig. 5 


*3 A manufacturer represents the increased production of refrigerators as 
shown in Figure 6. If production in 1983 is 1600 refrigerators per year, 
what production does the diagram represent in 1984 and 1985? 


„94 =] 
Ф 
E ЭЕ 
| Б 
Aug Oct Dec 


1983 1984 1985 


Fig. 6 Production of refrigerators. 


Fig.7 Sales of home computers 


4 Тһе statement ‘After a poor performance during August, sales have 
increased dramatically in the months before Christmas' was printed 
ды the chart drawn in Figure 7. Explain how the chart has been 

rawn to make this statement appear to be true. 


55 


*6 


87 
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The table show the heights and weights of children being examined at a 
clinic. 


| Height em) E 61 86 | 75 68 91 71 


Weight (10 kg) | 102 | 51 124 | 9.0 68 | 140 | 75 


Plot these values оп a scatter diagram and draw the line of best fit. From 
this line, find: (a) the expected weight of a child of height 80 cm, 
(b) the expected height of a child who weighs 11.3 kg. ШЕРТ 
Weights are hung оп a piece of wire and the length measured giving t 
following table of results. 


Weight (kg) | 1 | 2 4 | 5 8 | 10 | 12 


| Length (cm) | 32 | 324 | 33 ES 346 | 351 | 357 


Plot these results on a scatter diagram and draw the line of best fit. From 
your line estimate: (а) the unstretched length of the wire, (b) the 
length of the wire when a weight of 6 kgisused, (с) the weight used to 
stretch the wire to a length of 35 cm. Explain why it is inappropriate to 
use your line to estimate the length of the wire for a weight of 15 kg- 
Plot the data given in the table below on a scatter diagram. 


Measurements taken from 12 boys aged 15. 


Waist (cm) 


71 |68 A 66 | 69 16 | 67 72| 76 75 | 65 


Inside leg (in) | 30 | 29 | 31 ES 28|29|32 E 31 | 33 | 32 | 27 
= 


Draw the line of best fit through the points by eye. Use your line to 
estimate: (a) the inside leg measurement for a boy with a waist of 
73cm, (b) the waist measurement for a boy with an inside leg of 34 in. 
A trouser manufacturer uses the formula L — W/2 —4 to calculate the 
inside leg length L for trousers of waist W. Draw the line given by this 
formula on your scatter diagram. State with reasons whether you expect 
trousers made to this formula to be long or short in the leg for these 12 
boys? 


STATISTICS 
7.4 Grouped Data 


7 


When there are many different values in the data, it is preferable to group 
values together to form between 5 and 10 groups of data. The value for the 
group is taken as the mid-point of the range of values in each group, as 
demonstrated in the next example. 


*Example The following marks are obtained by 100 candidates: 


21 65 76 88 49 60 38 79 47 83 64 54 67 53 79 52 24 19 
54 23 87 40 69 96 7 36 59 76 33 52 68 16 59 61 38 59 
13 80 78 85 35 72 46 59 91 37 54 24 87 45 29 78 73 57 
49 43 69 55 72 60 78 38 52 61 60 68 37 77 48 60 80 38 
73 79 5 77 49 70 51 98 47 65 89 38 47 54 56 77 39 66 
43 69 72 40 79 69 74 80 48 44 


(а) Tally these marks in groups 0-9, 10-19, . . . , 90-99, and produce a grouped 
frequency distribution. 
For this distribution find: (5) the mode, 


(c) the median, (d) the mean. 


(a) 


(b) 
(c) 


(4) 


Group Group Freq. x group 
range Tally table Frequency value value 
0-9 11 2 4.5 9 
10-19 11 3 14.5 43.5 
20-9 HH 5 24.5 122.5 
30-59 Hit Hil п 34.5 379.5 
40-49 HH Ht ин 15 44.5 667.5 
50-59 HH нт Hit 1 16 54.5 872 
60-69 HH LHH HH п 17 64.5 1096.5 
70-79 HH HN Hit lll 19 74.5 1415.5 
80-89 нии 9 84.5 760.5 
90-99 11 3 94.5 283.5 
Total 100 Total 5650 i 


Tally the group ranges by going through the marks in turn and add them 
up to complete the frequency column. Total this column to check that all 
100 marks have been counted. 
The mode is in the 70-79 group, so the modal value is 74.5. 

With 100 marks the middle mark is between the 50th and 5151, which 
both occur in the 50-59 group, counting from either end, so the median 
mark is 54.5. 
The mean mark is the sum of the products (group value x frequency), 
calculated in the last column, divided by 100, which is 5650/100 — 56.5. 
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*Histograms and continuous data M 

Grouped data may be shown ina histogram, which is like a barchart except 

that the frequency is indicated by the area of the bar instead of the height. 
The vertical scale is therefore frequency per unit horizontal scale. 


0 «x « 10, 10 « x « 20, 20 « x « 30 


eas 


"Example The distances, in kilometres, travelled to school by the 36 pupils in 
one class are (rounded to the nearest 0.1 km): 


40 22 88 33 41 39 03 44 15 32 38 95 
29 75 30 30 08 47 47 56 22 38 44 39 
20 50 46 33 25 65 49 25 60 24 32 19 
Represent this data in а histogram using the group ranges: less than 2 km, 2 km and 
less than 3 km, 3km and less than 4 km, 4 km and less than 5 km, 5 km and less 


than 10 km. 
The distances are tallied 
Figure 1(a). The last col 
histogram (Figure 1(b)). 


for the given ranges and the frequencies totalled, in 
umn, frequency per km, is then used to draw the 


Group range Freq. per km 
«2 4/2 = 2 
2<x<3 712 7 
3<х<4 10/1 = 10 
4<х<5 81-2 8 
5<х<10 7/5- 1.4 


Total 


Fig.1 (a) Continuous data frequency table 
Е 
Б 12 
810 
58 
56 
54 
8 2 
È 22 
0 2 4 6 8 10 


Distance ( km ) 


(b) Histogram 
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*Measures of spread 

The difference between the largest and smallest values is called the range. For 
greater sophistication the upper and lower quartiles are used. These are Тапа 
3 of the way along the distribution when it is ordered ( just as the median is i 
way along). The difference between these quartiles is called the inter-quartile 
range. 


* Cumulative frequency distribution 

For grouped distributions, the calculation of the median and quartiles is 
eased by producing a cumulative frequency distribution. This gives the total 
number of values less than or equal to the value considered, and is found by 
adding up all the frequencies obtained so far. A cumulative frequency 
diagram may now be drawn and the median and quartiles marked. 


*Example The number of people staying in a Youth Hostel on each of 60 
successive nights is tabulated below. Complete the cumulative frequency column 
given in Figure 2, and draw a cumulative frequency diagram. Mark the median and 
quartiles and state the inter-quartile range. The Youth Hostel is considered to be 
running economically when more than 30 people are in residence. Based on these 
nights what fraction of the time is the Hostel running uneconomically. 


Number = Cumulative ] 
of people | Frequency | frequency 
0-10 1 1 1 uon 
imulativi 
11-15 3 4 60 frequency.. 
16-20 2 6 
21-25 4 50 
26-30 5 
40 
31-35 9 
36-40 10 30 То 
41-50 17 20| 
51-60 6 
61-70 3 10 
Total 60 0 10 20 30 40 50 60 70 
Number of people 


Fig.2 (a) Cumulative frequency table (b) Cumulative frequency diagram 


The cumulative frequency column is found by adding on each group 
frequency in turn: 1 4 6 10 15 24 34 51 57 60. 

These points are plotted as shown in Figure 2(b) and joined by a smooth 
curve, The median and quartiles are marked at the 15th, 30th and 45th nights 
and give 30, 38 and 45 people, so the inter-quartile range is 45—30 = 15 
people. 

For 15 nights out of 60 the Hostel had 30 or fewer people staying, so it is 
running uneconomically for $ of the time. 


SAMPLE QUESTIONS 
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*1 The number of words in 60 sentences taken from the Times editorials is 
shown in the table below. Group the data into sentences with 0-5, 6-10, 


11-15, 16-20, . . . , words, and calculate the mean number of words per 
sentence. 
12 23 14 18 9 21 27 14 19 29 13 16 26 33 14 
32 25 12 7 18 22 28 18 26 18 11 24 29 15 5) 
35 23 27 17 16 21 28 14 26 14 13 8 23 26 13 
28 19 20 22 14 17 30 11 10 27 16 14 29 14 17 


"2 Last season the school first eleven scored the following number of goals 


in 48 matches. 


Construct a cumulative frequency table of the numbers of goals scored. 


Find: (a) the range, 
quartile range, 


3 The following advert for staff 
was placed by the heating firm 
Cosywarm. The firms annual 
wages are given in the table for 
the present staff. 


(b) the mode, 
(e) the mean, of this distribution. 


Position Number | Annual 
employed | salary 
Director 1 £30000 
Manager 1 £24000 
Designer 2 £19000 
Foreman 1 £12000 
Electrician 4 £8000 
Plumber 9 £6500 


(c) the median, (d) the inter- 


Cosywarm Central Heating 
More staff needed for 
an expanding business 
AVERAGE WAGES over £10000 
per year. Apply now! 


Find for the annual wages in the firm: 
(a) the mode, (b) the median, (c) the 
mean. Use your answers to state WhY 
it might be said that the advertise" 
ment is misleading. 


*4 Membership of a youth club is confined to young people aged over 12 
and under 20. The leader surveys the ages of the current members Wit 


the following results: 


Age last birthday 
Number of members 6 


12 


13 


14 
9 13 


15 16 and over 
11 8 


: : о 
Draw a histogram of these results, using a horizontal scale for ages 12! 
20 and a vertical scale for "Frequency per one-year interval." 


PROBABILITY 
8.1 Taking a Chance 8 


Equally likely outcomes 

When a normal coin is tossed, it will fall either heads (H) or tails (T). The two 
outcomes are equally likely, so the probability of getting H is 1, see Figure 1. 
When this experiment is repeated a great number of times with an unbiased 
coin, approximately half the outcomes will be H and half will be T. 


Outcomes HiT Outcomes 1 2131415 | 6 
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Еір.1  Tossing a coin. Fig.2 Throwing a die. 


When a normal 6-sided die is thrown, there are 6 equally likely outcomes. 
The probability of the event ‘throwing a 2 is 4, see Figure 2. 
The probability of the event ‘not throwing a 2' is 5, since there аге 5 outcomes 


which do not give 2. 


Number of outcomes leading to the event 


Probability of an event — 
y Total number of equally likely outcomes 


A probability isa fraction between Oand 1,0 if the event never occurs, and 1 if 


the event always occurs. 
When an object is chosen at random from п objects the choice of any 


T Hug ' 
particular object is equally likely, and the probability is = 


Example А letter is chosen at random from the word MANCHESTER. Find the 

probability that it is; (а) the letter E, (b) not a vowel. 

(a) There are 10 equally likely outcomes, 2 of which lead to the letter E, so 
the probability of choosing E is 15. or 4, cancelling down the fraction. 

(b) Тһеге аге 3 vowels, A, E, E, in the word, so the probability of ‘choosing a 
vowel’ is 7, or 0.3. The probability of ‘not choosing a vowel’ is therefore 
0.7, or 45, since these two probabilities must add up to 1. There are 7 
consonants, ‘non-vowels’, in the given word. 


Example Five cards, labelled F, Q, R, S, T, are shuffled and two cards are 
selected at random. (a) List all the possible outcomes. (b) Find the probability 
that the pairlabelled О and Sarechosen. (с) Whatis the probability that the card 
labelled А is one of the pair chosen? 


(a) Listthe possible outcomes systematically to make sure none are missed. 
List all those containing P, then all those with Q, but not P and so on. 
PQ PR PS PT QR QS QT RS RT ST — 10 equally likely events. 

(b) The probability of choosing the pair 05 is 1%. 

(c) 4outcomes PR, QR, RS and RT contain R, so the probability is (6-4. 
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*Histograms and continuous data T 4 
Grouped data may be shown in a histogram, which is like a barchart 2 
that the frequency is indicated by the area of the bar instead of the height. 

The vertical scale is therefore frequency per unit horizontal scale. 

In the examples used so far the data has been discrete, the values в 
being integers. Other data may be continuous where the values are any rea. 
numbers within some range. When such data is grouped the values in a group 
must include one end of the group range but not the other. For instance, for 
lengths x cm, the groups might be 


0<х<10, 10<х<20, 20<ж<30...... 


*Example Тһе distances, іп kilometres, travelled to school by the 36 pupils in 
one class are (rounded to the nearest 0.1 km): 

40 22 88 33 41 
29 75 30 30 08 
20 50 46 33 25 


39 03 44 15 32 38 9.5 

47 47 56 22 38 44 3.9 

65 49 25 60 24 32 19 

Represent this data in а histogram using the group ranges: less than 2 km, 2 km йн 
less than 3 Кт, 3 km and less than 4 km, 4 km and less than 5 km, 5 km and le 
than 10 km. 


The distances are tallied fo; 
Figure 1(a). The last col 
histogram (Figure 1(b)). 


T the given ranges and the frequencies i 5 
umn, frequency per km, is then used to draw t 


Group range| Тай ly Freq. | Е req. per km 
x«2 |i 4 42-22 
25x«3 HH 11 1 7/1ж= 7 
3<х<4 ын ин 10 10/1 = 10 
4<х<5 Ht 111 8 8/1 = 8 
5<х<10 HH 11 7 7/5 = 14 


Fig. 1 (a) Continuous data frequency table 


£ 12 Distance 
810 travelled 
> 8 to school 
5 6 
5 
5 4 - 
8 2 
ш 

0 


224 6 E 
Distance (Кт ) 


(b) Histogram 


143 Grouped Data 


*Measures of spread 

The difference between the largest and smallest values is called the range. For 
greater sophistication the upper and lower quartiles are used. These are } and 
3 of the way along the distribution when it is ordered (just as the median is + 
way along). The difference between these quartiles is called the inter-quartile 
range. 


* Cumulative frequency distribution 

For grouped distributions, the calculation of the median and quartiles is 
eased by producing a cumulative frequency distribution. This gives the total 
number of values less than or equal to the value considered, and is found by 
adding up all the frequencies obtained so far. A cumulative frequency 
diagram may now be drawn and the median and quartiles marked. 


*Example The number of people staying in a Youth Hostel on each of 60 
successive nights is tabulated below. Complete the cumulative frequency column 
given in Figure 2, and draw a cumulative frequency diagram. Mark the median and 
quartiles and state the inter-quartile range. The Youth Hostel is considered to be 
running economically when more than 30 people are in residence. Based on these 
nights what fraction of the time is the Hostel running uneconomically. 


Number Cumulative 
of people | Frequency | frequency 
0-10 1 1 — 
umula 
11-15 3 4 col frequency. L 1 " 
16-20 2 6 |_| H | ze 
21-25 4 50 Е 
26-30 5 38 НН НЕЕ. 
31-35 9 [ET Vi 
36-40 10 so LL + -14-11 i» 
ШЕ ррег quartile 
41-50 17 20 НЫ! 
51-60 6 median| | 
61-70 3 10 | 
шшш ш 
Total 60 O 10 20 30 40 50 60 70” 
Number of people 


Fig.2 (a) Cumulative frequency table (b) Cumulative frequency diagram 


The cumulative frequency column is found by adding on each group 
frequency in tur: 1 4 6 10 15 24 34 51 57 60. 

These points are plotted as shown in Figure 2(b) and joined by a smooth 
curve. The median and quartiles are marked at the 15th, 30th and 45th nights 
and give 30, 38 and 45 people, so the inter-quartile range is 45-30 = 15 
people. 

For 15 nights out of 60 the Hostel had 30 or fewer people staying, so it is 
running uneconomically for 4 of the time. 
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SAMPLE QUESTIONS 


%10 There are 32 pupils in 42. Ninetee; 


11 


12 


1 The probability of Helen winning a race is 4. State the probability that 
she does not win the race. 

2 The 9 letters LIVERPOOL are put into а box and one is drawn at 
random. Find the probability of choosing (а) an L, (Б) a consonant. 

3 The probability that Robin will miss the target when he shoots 
а crossbow is 0.15. Find the probability that he will hit the target. 

4 Find the probability of getting: (a) an odd number, (b) a square 
number, on one throw of an unbiased die. 

5 One pupil is chosen at random from a class containing 17 boys and 
11 girls. Find the probability that a girl is chosen. 

6 А normal coin is tossed 4 times and the first 3 times it comes down as 
‘heads’. What is the probability that the last throw will be ‘heads’. 

7 A pack of 52 playing cards contains 13 cards, A, 2-10, J, Q, K of each of 
4 suits; clubs, diamonds, hearts, spades. Find the probability that a card 
chosen at random is: (a)a heart, (Б) Һе Queen of Hearts, (c)an Ace. 

8 Figure 3 shows a game. The 


c pointer is spun and stops, pointing at a sum 
of money, in pence, which the 


1 player wins. Find the probability that: 
(a) the player wins nothing, (b)the player wins 5p or more. 
9 Complete the list of outcomes 


when a coin is tossed three times: HHH 
BHT HTH ... ... see зэ, TIT Find the probability that the 
result is two heads and one tail in any order. 


PA Formaz| H 6 
2452 | 


Fig.3 Fairground game. Fig.4 History and Geography. 


n study His hy and 
7 neither. Complete the Venn diagram in Figure. “ээж the number 
of pupils studying History (H) or Geography (G). Find the probability 
that a pupil chosen at random from 42. studies both History and 
Geography. 


Elliot has a bag of chocolates. There are 14 plain chocolates, 9 with hard 
centres and 5 soft centred, and 6 milk chocolates, half of which are һаг 
and half soft centred. He offers Letty a Chocolate and she picks one at 
random from the bag. What is the probability that she picks: (0) 2 
plain, (b)a milk with a soft centre, (c)a soft centre. : 
There are 80 red and 20 white counters mixed in bag. One counter г, 
drawn at random. What is the Probability that it is red? The firs 


counter is white and is not replaced. What is the probability that а 
second counter drawn is red? 


PROBABILITY 
8.2 Combined Events 8 


When two events, each with a set of equally likely outcomes, occur together, it 
is convenient to represent the sample space of possible outcomes on a two 
dimensional coordinate grid as shown in the next example. 


Example Two dice are thrown at the same time; a red one with six equal 
faces numbered 1 to 6 and a blue one with four equal faces labelled 2 4 6 8. 
Copy Figure 1 which shows the sample space of outcomes. (а) Draw а ring round 
each outcome where the total score equals 8 or 9 and hence state the probability 
that this event occurs. (b) Draw a cross on each outcome where the difference 
between the score on the two dice is 3 and hence state the probability of this 
event. (c) State the probability that either of these two events occurs. 


red die red die 
1 2 3 4 5 6 1 2 3 4 5 6 


blue 
die 


Cahn 


Fig. 1 Sample space for two dice. Fig. 2 О = total 8 or 9, X = differ by 3. 


Figure 1 shows the sample space as a set of 24 coordinate pairs, (blue, red), 
each dot representing one of the possible outcomes. 
(6, 2), (6, 3) and (8, 1), ‘ringed’ in Figure 2, 


(а) The points (2 6), (4, 4), (4,5), 
h total score 8 or 9. The probability of this 


each represent an outcome wit! 
event is Ж = $ 

(b) The points (2, 5), (4, 1), 
represent an outcome wi 


probability of this event 9 
(с) The points where either of these two events occur are the set of ‘ringed’ ог 


‘crossed’ points, 9 ( = 6 --4— 1) in number since (6, 3) occurs in both 
events. The probability of this combined event is a=? 


(6, 3) and (8, 5), ‘crossed’ in Figure 2 each 
th scores on the two dice differing by 3. The 


ви 


Conditional probability 
Sometimes two events follow one another and the set of outcomes of the 


second event depends on the outcome of the first event. In this situation a tree 
diagram can be used to show the possible combined events and their 


probabilities. 


Example А bag contains 3 red counters and 5 green counters. Two are taken out 
at random. Complete the tree diagram given in Figure 3 showing the 4 possible 
events and their probabilities. Find the probability of: (a) the two counters being 
the same colour, (b) опе of each colour, (c) at least one of red counter being 


drawn. 
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FIRST DRAW SECOND DRAW 
ања plred)= $ plred red) = 32-5 
В. 
p(green) = 5 p(red,green) = 3x 
plred) = 


p(green,red) = 
p(green)=3 


p(green) = P(green,green) = 


Fig.3 Tree diagram, selection of counters, 


| Following the upper branch means that the first counter drawn is red, with 
probability 3, and there are then only 7 counters left for the second draw. The 
probability of this second counter being red is 3, and the probability of a gree” 
second counter is $. Following the lower branch means the first counter 


drawn is green, probability $. The probability of the second counter being red 
is now 3, and being green is $. 


Multiplying along the branches the combined events have probabilities: 
p(red, red) = § x3 = & 
p(red, green)= $x $ = 48 
p(green, red)= $ x 3 = 48 
p(green, green) = à x $ = 39 
Notice how this final column adds up to 28 
combined events must always occur. 
(a) The probability of the two counters being the same colour is 
p(red, red) or p(green, green) = H+ a2 = в. 


(b) р(опе of each) is: p(red, green) or p(green, red) = 2 x Б-%- н. 
(c) p(at least 1 red counter) is 


1 — p(no red counters) = | — P(green, green) 
so the probability of at least 1 red 151—209 = 36 = б. 


= 1, since опе of these four 


*Example Ahmed and Bella 
which holds 4 white and 2 red balls initi 
pick a white ball. When Ahmed pi 
first ball he picks is white, (Б) Bella Picks a ball, 


Ahmed wins 


we Bella wins 


Ahmed wins 
Fig.4 Ahmed and Bella's game. 
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Figure 4 shows the tree diagram for Ahmed starting. 

(4) The probability Ahmed picks a white is 2 = 4. 

(b) Bella only picks a ball if Ahmed takes a red on his first pick, so the 
probability is 2 = 4. 

(c) Bella only wins if she takes a white on her first go, since if she takes the 
other red Ahmed is bound to take a white on his second go. Therefore 
the probability of Bella winning is 2 x $ = үз. 

The examples above contain instances where probabilities are added and 

others where probabilities are multiplied together. 

*Consider two events called A and B, then: 


p(A OR В) = р(А) + p(B) — р(А AND В). 


p(A AND В)-р(А)хр(В given A)|, 


where p(B given A) means the probability of ‘B given that A has happened 
already’. 


In some cases p(B given A) is the same as p(B) in which case events A 
and B are said to be independent, and then 


ҚА AND B) = p(A) x р(В)|. 


In some cases A and B can't occur together, so p(A AND B) = 0, in which case 
events A and B are said to be mutually exclusive, and then 


p(A OR В) = p(A) + p(B)}. 


*Example Calculate the probability of obtaining: (а) a six when a fair die is 
thrown, | (b) a head when a fair coin is tossed, (c) asixanda head when the 
die and the coin are thrown together, (9) asix ora head (ог both) when they are 


again thrown together. 


Let S be the event ‘a 6 on the die’ and Н be ‘a head on the coin’. 


(а) р(5)-4, 

(b) p(H)- 1, 

(c) p(S AND Н) = p(S) x p(H) = & x 3 = ту, since tossing the coin and 
throwing the die are independent. 

(d) p(S OR Н) = p(S)-- p(H) — p(S AND H) = &+1—т›= тг. 
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SAMPLE QUESTIONS x adi 

1 Two dice are thrown together. Find the probability that the scores 
up to 10. Find the probability that the scores differ by at least 3. 

2 Ina box of pencils, 27 are sharp and 9 are blunt. Drawn a tree diagram 
to find the probability that when two pencils are taken from the box 
without replacing: (а) both аге blunt, (b) one is sharp and one blunt. 

3 Ina board gamea die is thrown and a counter then moved along a path. 

If the score on the die is odd the counter is moved forward by that score, 
whilst if the score is even the counter is moved backwards by half the 
score. Find the probability that after two moves: (a) the counter is in its 
original position, (5) the counter has moved forwards. 
A bag contains 6 red and 8 blue beads. One bead is taken from the 
bag. (a) Find the probability that it is red. The bead is replaced and 2 
beads are then taken from the bag. Find the probability that they 
аге: (b) both red, (c) both blue. 
Each day the probability that Bill is early for school is 1/12, the 
probability that he is late is 1/4, and otherwise he is on time. Find 
(а) how many times he is likely to arrive on time out of a term of twelve 
5-day weeks, (b) the probability that he is late next Monday and 
Tuesday. 
Judith's driving instructor tells her that she has a probability of 4/5 of 
passing the test each time she takes it. Assuming he is correct, state 25 2 
fraction, the probability that she will: (а) fail at her firs 
attempt, (b) pass at the third attempt having failed the first two. 
*7 I throw an unbiased die. State the probability of getting a five. I now 
throw the die again and then toss a coin. Find the probability of getting 
either a five or a head or both, 
Two piles of exercise books Не ona table. Pile A contains 4 maths не 
and 2 physics books; Pile B contains 3 maths and 3 physics books. TW 
changes are made at random in the following order: 
Change 1. A book is taken from Pile A and put in Pile В. 
Change 2. A book is removed from Pile B. йе: 
Draw а tree diagram showing the probability of each possible outco 
Find the probability that a maths book is removed from Pile B. n of 
*9 The names of pupils are drawn from a hat in order to decide үсэн A 
the 10 girls and 6 boys should read the next extract (10 is à 
play. (a) Find the probability that the first name drawn 8, 
boy. (b) Find the probability that the first two names drawn are 
girls. ану that 
*10 Kieran plays draughts with Maureen. If he starts, the probabile her 
he wins is 1/3 and they draw is 1/6. If she starts, the probability іѕ the 
winning is 1/6 and losing is 1/2, (a) If Kieran starts gees to 
probability that he loses. (b) If they play two games, n games: 
start, find the probability that Kieran, (i) wins, (ii) loses, БО 


*6 


*8 


TRANSFORMATIONS 
9.1 Enlarge it 9 


Similarity and enlargement 

Figure 1 shows a photograph, a double size enlargement, and a half size 
reduction. The three rectangular shapes are mathematically similar, meaning 
they have the same shape but a different size. The scale factor of the 
enlargement is 2, so any length in the photograph will have a similar length in 
the enlargement which is twice as long. The reduction is an example of a scale 
factor $ enlargement. 


dic ud 
a. 5 D D 
AN 42 
8 (o 
X 
Fig. 1 Photo, x2 х} enlargements. Fig. 2 Scale factor 3 enlargement. 


Figure 2 shows a shape which has been enlarged scale factor 3, using the point 
X as the centre of enlargement. 

Corresponding lengths AB and A'B' are in the ratio 1:3, 503 x AB = АВ, 
but the shape was produced by extending ХА to ХА”, since 


3x XA = ХА. 


Example The triangle ABC with vertices А(1, 2), 8(—1,0), C(1, —1) is 
transformed by an enlargement E, scale factor 2, centre (0,0), to the triangle 


ABC. 
(а) Draw the triangles and state the coordinates of A’, B' and С. 
The translation T given by the vector () maps A'B'C' to A"B"C". 


(b) Draw triangle A"B"C" on your diagram. | 
(c) Describe fully a transformation mapping АВС onto А "B'C". 


(а) Since E has centre (0, 0) and scale factor 2 the coordinates of each point 

are doubled. So А = (2,4), В = (— 2, 0), C' = (2, — 2), see Figure 3. 

(b) Translating A'B'C' 1 across and 2 up gives А”В”С”, see Figure 3. 

(c) Clearly ABC to A"B"C" is an enlargement scale factor 2, with centre of 
enlargement at the point where 4”А, B"B, C"C, shown dotted, meet. So 
(—1, —2) is the centre of enlargement. 
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{ 
т: 


Fig. 3 Enlargement of a triangle. Fig. 4 Boat shape. 


SAMPLE QUESTIONS 


1 InFigure4, enlarge the boat Shape: (a) scale factor 2 with X as centre of 
enlargement, (b) scale factor 0.5 with Y as centre of enlargement. 
2 (a) Іп Figure 5 draw F' the result of transforming the letter F by 
an enlargement, centre (0, 1), scale factor 2. 
(b) F' is now transformed by an enlargement, centre (6, 1), scale 
factor 4, to Р”, 


(c) Describe a single transformation which maps F to F". 
Е С, 


8 
x 


-—mwo Boo 
N 


0 12345678 4 x 


Fig. 5 Transformations of F. Fig. 6 Triangle transformations. 


e 
3 In Figure 6, X, Y, Z are the midpoints of the sides AB, AC, BC pk 
triangle АВС. Describe fully the transformations which jangle 
(a) triangle AXYonto YZC, (b) triangle AXYonto ZYX, (c) tri 
AXY onto ABC. | Р'(0, 8) 
4 The triangle with vertices P(2, 6), Q(3 8), К(4, 6) is enlarged to 3 
0 (3, 14), R'(6, 8). Find the scale factor and centre of pue a the 
5 Draw а regular hexagon RSTUV W with sides 3 cm in length. le facto! 
following enlargements of the hexagon: (a) centre R, scal 
3. (b) centre Т, scale factor $, (с) centre V, scale factor 14- 


TRANSFORMATIONS 
9.2 Translation, reflection, rotation 9 


There are three different types of transformation in which the distance 
between points is unaltered, translation, rotation and reflection. This means 
that angles between corresponding lines are also unaltered and figures are 
transformed into congruent figures. The properties of these three isometries 
are listed below: 

A translation shifts every point by the same vector displacement. 

A reflection reflects every point in the given mirror line. 

А rotation rotates every point through a given angle about a fixed point, the 
centre of rotation. Rotations through a positive angle are taken anticlock- 
wise, rotations through a negative angle are clockwise. 


Example Draw the effect of the transformation on the triangle ABC, А(-1,1), 
В(1,1),С(1,4): (a) translation by the vector -2) (5) reflection in the mirror 


liney = 0, (с) reflection in mirrorlinex+y = 0, (0) clockwise rotation of 90° 
about the origin (0, 0). 


(c) Reflection. (d) Rotation. 
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Translation, Reflection, Rotation 


The effect of these four transformations is drawn in Figure 1. 
(a) The displacements АА? BB', CC' are all эон and 2 down. 
(b) y —0is the x-axis, so A(— 1, 1) goes to A (= 1, - 1). — TT 
(с) у+х = 0 passes through (0,0) with gradient -1 so ‹ 

B(1, 1) goes to B'(— 1, — 1) and C(1, 4) goes to C'(—4, — im — 1 
(d) Rotate OA 90° clockwise about O to ОА” where А” has coordina , 
SAMPLE QUESTIONS 


: i ine. 
1 On Figure 2(a) and (b) draw the reflections of the shape in the mirror li 


mirror line mirror liné 


Fig. 2 Reflections. 


(а) draw the reflection A'B'C' 
(b) draw the reflection P' 


2 OnFigure3, of the triangle ABC in the 
line LM, 


ОК of the triangle РОК іп 57. 


Fig. 3 Reflections, 


3 On the grid of Figure 4 draw the new positions of the Z shape 
after: (а) a translation with vector 


(7) (b) a clockwise rotation 
2 
through half a turn about x, 


(c) a reflection in the mirror line. 


H 
HAHH 


Fig. 4 Z shape. 


Fig. 5 Н shapes. 


4 Describe completely three different transformations which шар the 
lefthand H on to the righthand H in Figure 5. 

5 The triangle ABC, (1,2) B(3, 4), C(4, 3) is transformed to А'В'С' under: 
(a)atranslation, (b) aro 


tation of 180°, where A'(5, 0) is the image of A. 
Give the coordinates of 4’, В' and C" in each case. 


TRANSFORMATIONS 
9.3 *Combined Transformations 9 


A transformation T can be thought of asa function on the points of the plane. 
If T maps P to P' then we may write T(P) — P'. р 
Suppose another transformation S then maps P' to Р”, 


S(P’) = P", so S(T(P)) = Р”, written ST(P) = P", 


where ST is called the composition of the transformations, T followed by S. 
Note the reversed order as in composition of functions. 


*Example Transformations S and T are defined as follows: 

S is the rotation through half a turn about the origin O, (0, 0), 

T is the rotation through half a turn about the point Р, (2, 0). 

(a) Copy Figure 1 showing the position of triangle A. 

(b) Draw and label triangles В and C, where 8(А) = B, T(B) = C. 
(c) Describe the transformation TS which transforms A into C. 
(d) Draw and label triangles D and £ where T(A) = D, S(D) = Е. 
(e) Describe the transformation ST which transforms A into £. 

(f) Describe the relation between the transformations TS and ST. 


Fig. 1 Triangle А. Fig. 2 Triangles B, C, D and E. 


(a) and (b) Figure 2 shows triangles A, B and C. 
Triangle B is found by rotating 4 180* about 0. 
Triangle С is found by rotating B 180° about P. 
(c) The transformation which moves A to C is a translation through 4 units 


5 қ 4 
parallel to the x-axis, so TS is the translation г ) 


(4) Figure 2 also shows triangles D and E, found by rotating А about (2, 0) 
and then about (0, 0). 
(e) Moving A to E is another translation, — 4 units parallel to the x-axis, so 


. (-4 
the transformation ST is the translation ( 2) 


(f) ST is the opposite translation to TS, called the inverse transformation. 
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Inverse transformations ег 
The identity transformation, I, leaves every point fixed, so I(P) = P, for every 
point P in the plane. | . ite 
The inverse transformation, Т”! of a given transformation T is the oppos! 


Р З уе! 
of T. Т^! returns every point back to where it was before it was то 
by T, so: 


T^(T(P)-P, and ТЭТ-1-1Т 


5 к : : ive 
As seen in the example above, the inverse of a translation is the — 
translation. The inverse of a rotation is a rotation about the same centre, Es 
through the negative angle. However the inverse of a reflection is the 58 


reflection, since two reflections in a mirror line return a figure to its starting 
point. 


Fig. 3 Rectangle X. 


SAMPLE QUESTIONS 
1 Copy Figure 3, draw 
(а) Yis the image o 
(b) Zisthe image 
Describe the single 
2 On a copy of Figure 4 


A is transformed into; 0) B by a half turn about the origin 0, 


*3 R is a reflection in the xay; 


,2) (3,5) and (1,3). (а) X, (b) R(X) 
(с) SR(X), (4) TR(X), "d (1,3). Draw (а) 


Give single transformations equivalent to: (e SR, (f) TR 
(g) TSR, (h) RST. nt to: (e) SR, 


*4 Line Lhas equation X = 2, Tisa rotation of 90% about the point (1, 0), 
and Misa reflection in the line x = у. Give the equation of the following 
lines: (a) Т(4). (b) ТТ(4), (0) т-р, (d) M(L), (е) МТ(/), 
(f) TM(L). 


VECTORS AND MATRICES 10 
10.1 Vectors 


Translations 

Vectors may be regarded as displacements. If a vector a corresponds to the 
displacement from A to B then a — AB. The point А is the start and B is the 
end of the vector AB. The displacement CD is the same as AB if it is in the 
same direction and of the same magnitude, length. In this case the vectors are 
equal, AB - CD, and this means ABDC is a parallelogram, see Figure 1(a). 


7 сендер 
b 
а а а 
с 


Fig. 1 (a) Equal vectors, (b) Adding vectors, (с) Multiply by a scalar. 


Two displacements are added by performing the second displacement after 
the first and vectors are added in the same way. To add vectors a and b place 
the start of b at the end of a then a + b is the vector from the start of a to the 


end of b, see Figure 1(b). 
A vector a multiplied by a scalar (number), k, gives a vector ka parallel to a but 


k times as long. 
When k is positive then the direction of ka is the same as the direction of a, see 


Figure 1(c) which shows a and 3a. 

When k is negative then the direction of ka is parallel to a but reversed. 
When k = — 1 then ka = — a, giving the negative, or opposite vector, see 
Figure l(c) If а= AB then -а- ВА, and subtraction of vectors is 


performed by adding the negative. 


Example Onthe diagram, | Figure 2, construct vector displacements: (а) equal to 
АВ CD, (b) equal to AB — CD. 


cb 22 
ЖЭ "md p ad 


n 2 Vectors AB & CD. Ғір.3 (а) AB+CD, (b) АВ -CD 


(a) In Figure 3(a) construct the displacement BE equal to CD, then 
ВЕ = CD and AB +CD = AB + BE = AE. 

(b) In Figure 3(b) let BF = DC = — CD, then 
AB-CD- АВ + BF = AF. 
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7 О. АВ =a, 
*Example Іп Figure 4, ABCDEF is a regular hexagon with lb. () AC. (ii) AO 
BC - b CD = cand DE = d. (a) Write down in terms ofa ЭХ ч E db: 

(іі) AD. (b) Show, (i) a+d= 0, (ii) AB +AF = b, (iii) 


so 
(@) 0 AC=AB+BC=a+b. (і) АОСВ is a parallelogram 
AO = BC and AO = b. ) AD = 240 so AD = 2b. 
(b ABDEisa rectangle so DE = BA = — AB. Therefore У 
a+d=AB+DE = АВ-АВ = 0. (ii) From two parallelogram: 
AO = b and AF = BO, so AB+ AF = AB-- BÓ = AO — b. 
(ii) a+b+e = AB+ BC +CD = AC * CD = AD = 240 = 2b. 


8 [^ 


Fig. 4 Hexagon ABCDEF., Fig. 5 Triangle ABC. 


*Modulus of a vector 


The modulus or magnitude of a vector AB is its length. If AB = a, the 
modulus is written |AB|, ог lal. 

i h 1, so a is a unit vector if |a| — 1. 

Zero modulus, for example АА — 0. e 
b are multiples of еасһ other, so a = kb, for som 

number k. Then |а| = ҚЫ, and the ratio of their lengths is 1:k. 


*Example Іп triangle ABC, x 


ively. 
хяр, and Y arethe midpoints of AB and AC respective 
Show that XY is Parallel to 


BC and half its length, 


midpoints. Therefore, BC = ВА +С 
So BC is parallel to Xy anq 


SAMPLE QUESTIONS 
1 ABCDEFGH is а Tectangular ос 


zu ta i 6). 
Bon, centre О (Figure ) 
AB=w, ВС-х, CD-y 


е 
and DÉ-z Write down ше 
‘ome or all of w, х, y апа z: (a) ЕР. 


Sisa quadrilateral, see Figure 7, 
: Pie and QS =f. Write as a з; 
() d+f, (4) at+bt+e-e. 


PO = a OR = b, RS = c SP = d 
ngle vector: (a) a+b, (b) e- b 
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*3 In triangle ABC, X is the midpoint of BC. Show that AB + AC = 2AX. 


4 Ww в 
x Q 


А с J 
y © b 
6 2 а 
z 
F E 5 
Fig. 6 Regular Octagon ABCDEFGH. Fig. 7 Quadrilateral PQRS. 


*4 Show that the diagonals AC and BD of the parallelogram ABCD bisect 
one another. 

55 In triangle ОАВ, OA = a, OB = b, X is the midpoint of OA and G is the 
point such that 30G = a + b. In terms of a and b, write down the vectors 
BX and BG. Hence show that G lies on BX and find the ratio in which G 
divides BX. 


Column vectors 
Vectors in the Cartesian plane can be represented by a pair of numbers, These 
are the x and y displacements from the start to the end of the vector, say a and 


a 
b respectively. The vector is written as a column (2) the two components 


represent a across and b up. 
*When the vector is drawn on a unit grid, the gradient of the vector is b/a, and 


its modulus (length) is \/(a? + b?). 


*Example For each of the vectors in the diagram, Figure 8, write down: (a) the 
Corresponding column vector, (b)thegradient, (с) the modulus, ofthe vector. 


BF 


A”, o E 
x 


4 d LE 


| 1 
12345678910 


4 
3 
2 
1 

[^ 


Fig. 8 Column vectors. Fig. 9 Column vectors. 


Reading the x and y displacements from Figure 8, 
525 DU es с Кар =3 
(à) The column vectors are AB = 0) CD= () ЕЕ- ф ) 
(b) The gradients аге 1/2 4/3 (-2)/(-3)-2/3 
(c) The moduli are JO 4 Pj= J5 J (3? %4)-5 
V? 22) = /13 


Column vectors represent displacements so they can be added, subtracted 
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onents 
and multiplied by a scalar by operating on each of the comp 
separately. 


Example Given the vectors 


-(@ 0 40) eC) m 


(a) a+b (Б) b-d (с) За (0) 2сға 
хаалт o hrk 
еы aT 
(c) м-3()-(122)-(2) 

шимж e Дың 
SAMPLE QUESTIONS 


6 Using Figure 9, (a) Write down АВ, CD, EF, GH, IJ as column vectors- 
(b) Write as column Vectors a, b, c. 
(c) List any pairs of parallel Vectors amongst those above. 
*(d) List any sets of vectors with the same modulus. > 
Оп a grid draw the vectors, labelling the start and finish of each: 


7-0) 8-() me) (2) 


-3 4 

aB- () c= (^7) 

-3 7 ) 

8 Write down the Column vectors with the given start and end points: 
(a) start (3,7), eng (69) (p 


) start (2,1), end (8,8), 
(c) start (7,0), end (7,11), (а) start (1,1), end (— 3,3), 
(е) start (6,2), епа 0,6, (f) start (—5, —2), end G, —4). 
бн 42) »-(2 ын T d- () Write down (0) a+b 
(b) 5e (c) b-a (d) 3с--44 (е) 2b-3a (f) b — 2c 4- 3d 
*(g) lal 


*10 Points Pand Q have coordina 


he point R such that RỌ = 20P. 
*11 On squared paper draw axes Ox 


4 AC OB, given that OB 207 
a) Find AC and pEthe p é 
2 your diagram and complete the figure OABC. (с) Find OD wher 
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10.2 Matrices 10 


Mary goes out to buy some fruit and makes a list of what she wants to buy: 
4 apples, 6 oranges, 5 bananas. Tom also goes shopping to buy: 8 apples 
and 3 oranges. This information can be shown in a table, or more briefly, in a 
rectangular array of numbers, a matrix. 


Apples | Oranges | Bananas Matrix 
| Mary 4 | 6 5 ( 465 ) 
[Тот 8 | 3 0 83 0 


This matrix consists of two rows and three columns, so has order, or size, 
2x3, (in words two by three). The matrix of numbers is enclosed in large 
brackets whilst the row and column labels are written outside when they are 
needed. 

An n x m matrix is a rectangular array of nm numbers arranged in n rows 
and m columns with order n x m. 


Addition and scalar multiplication 
Suppose Mary and Tom's purchases of fruit the following week were written 


: 3 4 Then their total purchases over the two weeks are: 


$ JG 2) -( ie Ч) showing the addition of matrices. 

8:-3 0 630 14 6 0 

Suppose, on the other hand, that Mary and Tom bought the same numbers of 

apples, oranges and bananas each week for three weeks. 

Then their total purchases over the three weeks are: 

3x (; E А = pa 13 2) showing scalar multiplication of a matrix 
830 24 9 0/ j 

The arithmetic of matrices, addition, subtraction and scalar multiplication, is 

done placewise, that is, the arithmetic is done in each row-column position of 

the matrices. For example, it makes sense to add ‘apples bought by Tom last 

week’ to ‘apples bought by Tom this week’, but it would be pointless to add 

this to ‘oranges bought by Mary this week’. So such arithmetic can only be 

carried out on matrices of the same order. 

Matrices are given capital letters as names and are printed in heavy type in 

order to show they are rectangular arrays of numbers. This is the same 

Notation as vectors, since vectors are simply matrices with one column. 


as the matrix ( 


Example Given the matrices. 


% 4 6 2 345 
A- А = " ible: 
D 2 В- B Wd С= b 5 4! find where possible: 


()2C (b)A+B (c)A+C (d)A-B (е)2А-38 
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34 5 ( 8 s 

0) 2с=2х( 5 6/ 8 10 12 
Ч М ) ( а “| 

Wo lS а. 
(c) Ais 2x2and Cis 23 so А+ С has no meaning, 

41 62 -2 2) 
a) л-в-(, 4-5 )-( 6 1 
(д 2A43B {ж о 2 а 
е, = = 


2x943x3 2х2+3х1 27 7 


Multiplication of matrices 

Returning to the Shopping list mo, 
сап be defined as follow 
12p, and a banana, 15р 


252474 А trix, 
del, multiplication of a matrix by a Sh 
5. Suppose that the Prices of an apple, 9p, an or: 

» are written as a 3 x | matrix: 


9 ДЫ 
( 12 ) Тһеп Mary's total bill for the first week can be found by multiplying 
15 


her 1x 3 fruit row 4 6 5), by this 3 X 1 price column matrix, 


4 6 5) (2)- @х9+6х12+5х 15) = (183), giving a bill of £1.83. 


: ^ it 
Repeating for Toms Order, the multiplication of the 2 x 3 first week's fru 
matrix with the 3 x 1 price matrix gives a 2 x 1 total bill matrix. 
(858) (8)-( 

12 ы 


4X9 6x 2.4. 5x 15 183 
8х9-43х1240х16 /7 


column gives 
Ty and Tom’s 


5 6 "(е ШЫ Мын мэн 
8 3 0/\i5 16 8х9-53 1240516 8х10+3х11+0х16 


matrix will now give Ma 


*General definition | a 
The rowr, column с entry of the Product AB of matrices A and B, is шешп 
the products of corresponding terms in row r of А айа сайнаа cof B- 

So the length of A's row and B's column must be equal. 
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When A isan m x n matrix and Bisa p x q matrix then the matrix product AB 
can be found if n — p, that is, 


the number of columns of A — the number of rows of B. 


The orders of two matrices and their product fit the following pattern. 


First Matrix A Second Matrix B Product AB 
2x3 3x1 2x1 
1х3 3х4 1х4 
2х3 2х2 does not exist 


“Example 
212 2 1 8 21 
A= P 
(% 2 а) в-(2) e-(; " »-( а 9) 
Find if possible: (а) CB, (b) BC, (c) СА, (d) CD, (e) DC, (f) (DC)A. 


(a) Checking the order of the product CB, 2x2 by 2х1 gives a 
2x 1 matrix: 


св-(! a A шне ы 

0 2/40 0х2-2х0 0 

The product BC does not exist, since B has 1 column and C has 2 rows. 
CA: 2х 2 by 2х3 gives a 2 x 3 product matrix: 


сА-(| Хїн 1,5% 1х2+3х0 1x143x2 "eere 
0 2/40 2 0/ \ох2+2х0 0х142х2 0x242x0 


(2 7 | 
“040 
and (е) CD and DC: 2x2 by 2x 2 gives а 2 x 2 product matrix: 
eo-(! үз A konnat ж жа ік. J 
0 2/N-1 0/ \0x2+2x(-1) 0x1+2x0 -2 0 
эс=( 2 418 | ( 2х141х0 — 2x341x2 ) 
-1 0/40 2 (-1)х140х0 (—1)х3+0х2 
-( 2 в 
«о 
To find (DC)A multiply the answer to part (e) by A as follows: 


см = ( 2 "D 1 2) 
-1 -3/\o 2 0 


(c) 


(7) 
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2x248x0 2х1+8х2 —— 
x ета А -1Х14(-3)х2 -1х24(-Э)х 


( 4 18 ‘) 
-2 -7 -3 


SAMPLE QUESTIONS 
l Find the values of a, b, cand d so that 


%5 


Go Se 
(0 3) and Q=(! 2 3) Find (a) РО (b) ОР 


10 -1 1 2 23 
- - же k out 
А ( 2) 5 Їр M с-( 2) Ча 


-1 
(4) АВ (УВА () BC (СВ (е) (АВ)С (f) А(ВС) 


Find the values of p and q so that 1 (С) = (7 


44/1 3 
as order 2 x 3, 


= C what can you sa about the order of (i) B, (ii) C? 
(5) If AD 7 E what can you say den the order of (i) D, (ii) E? n 
Faith, Kevin and lan go shopping for fireworks, Faith buys 4 ле уа 
candles, 3 bomb-bursts, and 8 sparklers. Kevin buys 2 Roman cand Pa 
6 bomb-bursts and 12 bangers, [an buys 20 bangers and 5 bomb-bursts- 
Represent their Purchases ша 3 x 4 matrix, S. Roman candles cost хөр, 
bomb-bursts Cost 31р, sparklers Cost 3p and bangers cost 9p. Represen 
the prices of the four types of fireworks ina 4x 1 column matrix, P, à 
calculate the matrix Product Sp. 

How much did Faith spend о 

the row vector @ 1 1 


Three lorries A, В,С 


fireworks? Who spent the most? ЫШ 
by the matrix SP and interpret the resu ^ 
5 Carry crates of beer, cider, lemonade and coke. 
Lorry A carries 60 crates of beer, 25 crates of йер апа 20 crates О 
lemonade. Lorry B Carries 70 Crates of beer and 30crates of coke. Lorry 


carries 30 crates of cider, 10 Crates of lemonade and 25 crates of coke: 
(a) Express this information ; 


5 Da3x4 matrix, 
(b) A crate of beer Weighs 12kg, a crate of cider weighs 10kg, and each 
crate of lemonade and со) 


е Р х 
: Ke weigh 9kg, Express these weights as a 4 
matrix. 


1 -8 = 8 
^-(, 3 )s- C юэ (а) A--B(b) AB (c) А. 
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Routes 
When travelling between places there may be several routes from one place to 
another. Suppose there are 3 routes between X and Y, 2 between X and Z, 4 
between Y and Z and 1 loop from X to X, as shown in Figure 1. 

to 


Ж Үл 

кїз 3 2 

" from Y[3 0 4 

Y Z\2 4 0 
Fig. 1 (a) Road network. (b) Route matrix, M. 


This information may be written in a matrix, M, with rows and columns 
labelled X Y Z. The entry in row X, columnY gives the number of routes from 
X toY, in this case 3 routes, and all the routes are two-way, from X to Y and 
from Y to X. The matrix is therefore symmetrical about a diagonal line 
running top left to bottom right. If some of these routes were only one-way 
then the matrix would no longer be symmetrical. 


Two-stage journeys 

Using the network above, count how many routes there are from X toY in 
two stages. 

Хао ХІтоше | XtoY3routes X to X toY 1x3 = 3 routes. 
X toY 3routes YtoY Oroutes | X toY toY = 3x0 = 0 routes. 

X to Z 2routs ZtoY4routes X to Z toY —2x4 = 8 routes. 
So the total number of 2-stage routes from X to Y is 3+0+8= 11. This 
is the product of the X row with the Y column of the route matrix, 
M, so is the X, Y entry in the matrix MM = М2. 

The matrix M? represents the 2-stage route matrix for this network. 


: t з 21/1 3 2 ап 14 
M? =MxM= [з о 4|[з 0 4|-11 25 6 
24 0/\2 4 0 14 6 20 

one-stage two-stage 
ations. 


The ideas of route matrices can be applied to other situ — 
One example concerns the results of games between à group of players. 
"Example Fiv h with the results: 
' men played ten matches of ѕаиаѕ! Ё 

Ahmed beat Calum, Donald and Eric. Ben beat Ahmed, Eric and Donal 
beat Donald and Ben, and Eric beat Calum and Donald. А 
Draw а network showing these dominances and compile i 
р 62, find the total of the one and two-stage domin 
and hence rank them in order. 

i : o Calum 
Figure 2 shows the dominance network, an arrow from m eed 
means Ahmed beat Calum, and the one and two-stage route 
network. 


а. Calum 


ts route matrix, S. 
ances for each player, 
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S ABCDE S ABCDE 
4/9 0 1 1 IN 4 fo 1 1 2 0 

Au clin&iilafaczci 
cyo 1 0 1 of cf 1 о о 1 1 

р\о оо о of D\o о о о о 

E" Ё © Bio g 1 4 oJ кісі o 10 


Ж layers. 
Fig. 2 Dominance networks and matrix, 10 squash games between 5 play 
Adding the rows of S and 52 
dominances for each player: 


Ahmed 3-4- d 


stage 
give the number of one and two stag 


Ben 3+5=8, Calum 2+3=5, 


Donald 0+0 = 0 Eric 242- 4. 
The rank order should therefore be Ben, Ahmed, Calum, Eric, Donald. 
SAMPLE QUESTIONS 


l Figure 3 shows the route: 


matrix M and calculate t| 
the number of 2. 


ute 
$ between P, Q and R. Write down the ro 


3 ite down 
he 2-stage route matrix M2. Hence write 
Stage routes from P to R. 


X L M B S 
8, г[о 2 3 2 
MÍ3 0 4 0 
B\o 1 00 
Р (2 811 э d 0 


Fig. 3 Road network between F Q R. Fig. 4 Flight paths matrix X. 
, е н : 5 
2 The matrix X, given in Figure 4, represents a network of flight i 
between London, Manchester, Birmingham and Shannon airpo! ut 
(а) Draw the network of flight Paths, (b) Is it possible to reach 
Shannon from Birmingham? If 50, describe the route, if not, give 
reason. 


9 29 8, с 
2 
SDA) eam 
E, x 2 
Fig. 5 Road and ferry links, Fig. 6 Tennis tournament. 


(a) R from X,Y,Z to P,O, (р) F from P,Q toU, V, W (c) RF from 

X,Y, Z to U, V, W. How many routes are there from X to W? Enid 
*4 Figure 6 shows the wins between 6 girls, Alison, Beth, Cath, Dotty, ‘ape 

and Fanny, who played 3 matches each, Calculate the one- and two-s 


VECTORS AND MATRICES 10 
10.4 *Matrix transformations 


The position of a point P (4, 1), in the Cartesian plane is given by its position 


vector (1) the vector from the origin to P. 


1 2 Р T 
Multiplying this vector by а 2 x 2 matrix M с i ; transforms this position 


Vector OP to another position vector ОР', so P goes to P'. 
M x OP = Op" ( 1 30-«( ?) P(4, 1) goes to P' (6, — 1) 
24 4 = 


“Example The rectangle ABCD, A(1, 2), B(3, 2), C(3, 3), D(1, 3), is trans- 


0-1 ч 
formed to A'B'C'D' by the matrix M, where M — Drawa graph showing 


ABCD and its image A'B'C'D'. Describe the transformation М. 


Form a 2 x 4 matrix 


containing the four position vectors ОА, OB, OC, OD, 
wh 


еге О is the origin (0, 0). Multiplying this matrix by M, gives: 


M ABCD AB OC p 
hn 133 1\=/-2 -2 -3 -3 
1 o ЕЕЕ а 3 ы 
50 A(1, 2) goes to A'(— 2, 1). 
Draw a set of axes, plot and join ABCD and A'B'C'D', see Figure 1. From 
Ше diagram transformation M 


j is a rotation about (0, 0) through 90° 
anticlockwise), 


YR 


1 v? ш. 


Fi 
ig. 1 Transformation M on ABCD. 


Fig. 2 Flag P under S and T. 


WO transformati 
mai 
Matrices tions of a shape may be done. 


шалы тау then be multiplied to find the m. 
Tmation, as demonstrated in the next 


, one after the other, and the 
atrix for the single combined 
example. 


7 8 
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*Example Fla, 


d (2, 1). 
9 P is formed from the points (2, 0), (2, 2), (3, 2) ап 
Transformation 


matrices S and T are defined as follows: 


and у. 
S= G т-( | Draw flag Р on axes from —3 to 3 for x 
NIE. 0 -1 


d) ST(P): 
Calculate the positions of, (а) 8(Р), (b) T(P), (с) TEA E s, T, TS 
Draw and label these images on the axes. Describe the trans Т5(Р). 

and ST. Give a single transformation which maps ST(^) to 


P itions of 
Figure 2 shows the axes and flag P drawn. The calculation of the positio: 
the images of P under S and T is shown below. 


© Р 5(Р) 
0 1 91311511: 
12535344 85344: 
3 Р Т(Р) 

i 0 КЕЗЕП 23 J 
D 84-245. ( -2 -2 -1 

S(P) TS(P) 
t 00:04 035 a 4 
t ki ip 23 -2 -3 a) 

T(P) ST(P) 
iuit * sm 2 -4 S 
10 qM RE 2 3 i 
Once these images are drawn Оп the graph it is clear that, S is a reflection in 
x= y, Tisa reflection in the х- 


nd 
) i axis, TSisa rotation of — 90° about (0, i ) will 
15а rotation of +90° about (0, 0). A rotation of 180° about (0, 
transform ST(P) to TS(P), 


*Unit Vector methog 
There isa Quicker way of finding the tran: 
way of finding the Matrix of a 5 
Consider the unit 


Square О 
В(0, 1) transformed by the 


қ toa 
sformed points which also leads 
pecified transformation. 


1), 
ACB with vertices at О(0, 0), A(1,0), С(1, 
matrix M, where 


M A M(A) M B M(B) 
a b 
м-(4 | ша ") [js ау and fa b 15 
ES c ed 1 d 
() and OB () may be read from the 
1 


b 

a 

columns ( ) ana 2 of the transformation matrix M. 
[4 


А о -1) find 
*Example Describe the transformation given by M, where M = ( 2) 5 
the matrix of В, a rotation 270° about (0, 0). 


So the images of the unit vectors 04 


169 * Matrix Transformations 


The transformation sends the unit vectors М (% to ( 3 @ ) теайїпр 


from the two columns of the matrix M. Figure 3(a) shows that the 
transformation is a reflection in the line x + y = 0. 


Fig. 3 (a) Transformation M. (b) Transformation R. 


Figure 3(b) shows the unit square OACB and its image after transformation 
R. The unit vectors ОА, OB go to OA’, OB". 


2 1 0 0 
The images ot ( ) ( Jare ( 9 ) (ә the matrix of R is ( 4 
0 1 -1 0 -10 


"Inverse matrices 
When a transformation T has a matrix M then the inverse transformation 


Т^! has matrix M-!, the inverse matrix of M. 

If M = ( E then M^! = ed 4 Se where D = ad — bc is the deter- 
қ са D\-c а 

minant of the matrix. 

If M is a general 2 x 2 matrix and D — 0 then M has no inverse matrix. 


-1 0 1-8 
"Example Find M^, where М = (a) ( p °) (b) ja 2) 


(а) Since M is the matrix ofa reflection in the y-axis, the inverse М”! must 


d is 9. ?) the identit 
be the same as M. Check (7) 1) (75 | “(00 y 


matrix. 
(b) The determinant D = 1 x 8—3 x 2 = 2, so 


м--Ц 8 Eit. 4 a) 
2X-2 ЧУ еї 4 


Combined transformations 


"Example On a Cartesian graph, draw an 
0(0,0), A(1, 0), В(1, 2) and its image, OA 
ae Find and describe an enlargement Eanda 


. Write down the matrices ofthe 


і і rtices 
d label the triangle G with ve 
'B' after the transformation by the 
matrix M, where M = 


rotation R so that RE also transforms OAB to ОА 8” 
transformations E and R, and verify that M — RE. 


. қ 0 
* Matrix Transformations 17 


"T rS 
Multiplying M by the position vectors of O, A and B gives the position vectors 
of O', A’ and B". 
(4 =) ( 1 | ы (° 0 76) A’ = (0, 3), B' = (— 6, 3), see Figure 4. 
3 0:02 03 3 


ОА' B' is similar to OAB, but enlar: 
The enlargement, E, сеп 
(3, 0), (3, 6), and a rotatio 
shape on to OA’ В. 


Bed by a factor ОА'/ОА = 3/1 "- 0), 
tre (0, 0), scale factor 3, transforms ОАВ @ this 
n, R, about (0, 0), through + 90", will transfor 


ri 


E: 


1) fo 3\ f 0 | 30 
Enlargement E, sends to so matrix E — 0 
0 1 0 3 


3 


: = 0 = 
Rotation R, sends () () to (?) ( Б matrix R — ( 1) 
1 

ы «(as 
1 0710 з 3 0 
SAMPLE QUESTIONS 
*1 Drawthe Image of the unit 


1,1) 
Square OACB, O (0, 0), A (1, 0), B(0, 1), C( 
ansformation 


with matrix: 


0 
ai 01 20 0 =! =з 
о ( Jo ( ) )e(, -3 
um =1 07 900 4/0| 0) {о з 
*2 1 H 
*3 Use the unit vector Method to find the matrix representing: 0 
(a) reflection in the line х= —у, (b) rotation 180 about (0, m 
(c) enlargement, scale factor 5, centre (0, 0) followed Буа rotation — 
*4 Transformation T ma i (0,1) to 
1 aps the point (1,0) to (3,4) and (0, 
(—4, 3). Find the matrix representing T. Find the image of (3, 4) cr 
the transformation T. Find the point which maps to (4, — 3) under i 
сап бе Split into an eni argement followed by a rotation. Carefully 
escribe these two transformations, Find the matrix representing T 


ANSWERS 


Whole Numbers 

Ца) {1, 2, 3, 4,6, 8, 12,24} (b) (1,3,5,9, 15,45). (c) (1,2, 4, 7, 8, 14, 28, 56} 
(4) 11,3,5,15,25,75) 2(a) 60 (b) 147 (с) 125 3(a) 25 x3 (b) 2^x5 

(c) 2x3x5 4(а) LCM 175, HCF 5 (b) LCM 672, HCF8 536 660 
7(а) x2,64 128 256 (b) —3,20 17 14. (c) +5, 46 5156 (d) Add last 
number, 47 76 123 (e) х2,96 192 384 (f) add 2 more, 41 55 71 (g) x11, 
161051 1771561 19487171 (h) — 789, 6843 6054 5265 8(а) 4 (b) 3 (с) 63 
(d) 5 9a) (15,12) (b) 1. (c) 4 


Decimals 

(а) thousands (b) hundredths (c) ten millions (d) millionths 2 (a) 15.41 
(b) 0.233244 (с) 089 (d) 6400000 3 77 4 £97.27, £2.73 5 (990000 
619 7 586, 1752 8 23р 9 105000, £2.90 10(а) 1.732 (b) 4.472 

(c) 9950 (d) 0.8367 (е) 31.62 (f) 004472 11(а) 0.56 (b) 0.43 (с) 0.42 
(4)0.39 12(а) 5639 (b)0.02208 (с) 25740000 (4) 0.000 2467 13(а) 3.82 x 10? 
(b) 2.49563 х 107 (с) 2.003 284964 х 10% (4) 3.8984 х 107° 14(а)2 

(b) —4 (c) 6 (d) 238700 (е) 9.186 (f) 1.7294386 15(а) 6.8846 x 10? 
(b) 2.373 9703 х 10% (с) 5846 х 10-5. (d) 1.03 x 107? (e) 7.4088 х 1019 

16 715x105 17 9.055 (2DP) 


Fractions и ТТ "TT 
Ца) $ (b 13 () 3 WH 209 à, 31059,8 O $5 E 

Ха) £38 (b) 2kg (c) 378 4(4) 4 (03 (c) 38 (d) i 504) 188 (0) 
()1% (d)53 (е) x (f) 215 (0% 004 (0%  6(a) 0833 (b) 0.778 

(c) 0.480 (4) 0857 (e) 3875 (f) 3143 7 Magazines £0.80, sweets /1.20, left 
£0.40 8 Planes 14, helicopters 21,1%; 9 George £250, Henry £200, Jean £200, 
Penelope £350, 35 10 32.0625 в, 35.269 g, 18. 1Ца) £4200 (b) £3360 

(c) £2150.40, 8%. 


Sets of Numbers 
1 /25,2+./3 360) —3 (93 0.2 40) Т (b) T (Q F ШЕ ӨТ 


Directed Numbers 
| -6C 242341 157 Ha) -12 (b) —10 (c) -343 (4) 5$ (6056 
й 


5(а) 5 (b) -7 ба) -25 (b) —14 700) { –1 |00) ы; 

-16 - 
8 (à) —2, —2,0,4,10,18 (b) —11,1,5, —11, -31 (д -440,-44 
36 9 (4, —6, (-1,2, (—11,15) 


Powers and Roots 5 

Ца) 243 (b) 343 (c) 1000000 (d)! 24) 2° (b) 3* (©) x ee 

(e) 210 (f) 55 3(a) 265 (b 316 (c) 292 (d) 126 (е) 915 (2) үс: 

(g) 707 '4(a) 224 (b) 447 (c) 22 5( 2 (b) 3: e 8x107? Ma) 9 
(е) xi (f)3y* ба) 192 (b) 392 х 10"? (c) 4x 10*, (4) m 
(b) 35 (c) 81 (d) sis (6) 4 (/) 243 (g) 128 (h) тоо боо” 
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Know your Calculator 


18 O 681301 өза Osh gii. 
ӘТЕШ? МЫМЕН el] Els ГІЗ 
05М 131 АА od Gabo ces 
СУМД D әзіз а ы [5] [V] зоо ¢ der of 
(040) 4)8 (е) 900 (f) 10 40) swop order of[*]'s (b) swop orde 


.59 before 
% (c) swop order of [*] s (d) mI 89.3 before [=] 49.3 (e) a 2 


| 328 5(а) 17.75 cm, 1785 cm (b) 0.00725 mm, 0.00715 mm (с) 165g 
| 155g (d) 35750 km, 35650 km (е) 


19.05 m, 1895 m (/) 5700.5 kg, Rr e 
! (0) 4.565 cm?, 4.555 cm? (h) 5.5 miles, 4.5 miles 6(a) 333 cm? < area = 65 kg 
' (b) 690000 mm? < volume < 760000 mm?, (c) 40.63 kg € weight « 40. 


Ratio and Proportion 

14) 5:4 0) 1:12 (c) 1:14. (d) 1:14 2(a) 4000 (b) 16 (c) 8640 ia 
(©) 34 (f) 937.5 %(а) 750 mi (b) 714 ml oil, 286 ml vinegar 40:32 
(SF) (5) 675 Newtons 5 £2.13 to the nearest penny, 175cm 6 £1 Y 
£6000, 23000 7 1248, 1787 


1 
259° to nearest degree 8 (a) 765kg (b) 35000 
(25Е) 9(а) 8 men (b) 13h 20 min 


67% 
(©) 08,80% (d) 0.375, 374% (е) 0.67 (SF). 
QSF) (f) 0417 BSF), 41.7% (38Е) (0) 15, 1507, 2(a) 0.2, 4 (b) 0.75, i 
(©) 0065,35 (а) 0.88, 33 106, 88 (f) 0125: З(а) 54 кт (b) 67р 
nearest penny (c) 20002 vot Ч 


; ; 875% 
: 73 Ка (с) £401.35 (d) 90 million per year 5(а) 1 

() 88% (с) 83% (286) S(a) 739kg (5) 237km? (с) (1370370 

7106m 335, "y 542 200 


Buying and Selling -50.50 
14734 2 £1090 3,4945 4 £260 5(а) £41.25 (b) £71.75 (с) 53 : 
(D £73.75 6 Dick £30, Harry 2550 7 187339 8(a) £1.25 (b) £3. 

9 6p 10 £15.86 ^1 Fresh beans 48р 12 22% QSF), 226.22 

Saving and Borrowin 

19) 427 (b) 2457 (с) 2550550 (d) 228575 2(a) (285 (b) (298.54 
Top 4 £320, £35. s 4274, 155959 692 р.а. 7 5558.40, 


Earning a Wage 
Ца) £92.40 (b) £110.55 (c 


) £128.70 5 :9282 (c) £80.03 
6) £93.28 3а) (38643 Qj уз ац 200) £5925 (by £9282 (0) (3 
6 4,3645.80, 470.11 й 


Reading Tables jllion 
l(a) 59.4 cm x 84.1 cm (b) 28.2 in (c) A4 2(а) £427 million (b) £1379 ті 
За) 069 QDP) (b) 1h 41 min дш 9144 ст (Б) 45461 (c) 2201Ь Орр) 
(4) 31.08 mph (2DP) 5(а) 100m? (b) 200 ва! (с) Skg (4) 7ft (e) 50 трі 
(f) 11 
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Time 

18h9min 21911 34hd40min 720am 41h15min 54min 185, 
l min 4.58 6(а) 1933 (b) 12 min (с) 0833, 0945, 1400, 1612 — 7(a) 26th 
March 786 (b) 3rd April "86 (c) 15th March "86, 9th March, 13th April, 11th 
May'86 8(а) 12.533 pm (b) 12.26 am 


Units $ 
Ца) 0.023 m (b) 56000g (c) 750m (d) 0058 (е) 225cm* (f) 0034 m 
(0) 17 ft. (h) d Ib (i) wee pt 2 0.2551 3(а) 2635.54kg (b) 61450) kg 
(c) 28.8775 kg 4(а) 217000 m? (b) O217 km? (c) 21.7һа 5(а) 2. z 

(b) 7.5ст (с) 1.5 Кт (4) 9001 6(0) 52.77 pt (Б) 13.641 (с) 189.5 — 
7(a) 1070 1b (b) 76st 81b 8(а) 7761 pesetas (b) 10725 guilders Л 

Ша 9 £14 340 million 10 43р 11а) 98.4°F (b) 2255С 12 14 


Length 2 2 
130ft 24m,5m 3(a)7mx7m (b 4mx3m (с) 110 5 pm 
(е) 16% 4(a) 800km (b) 1000km (с) 2350km 5(а) 4mm C) 210m 
(c) 2mm 6(а) 75m (b)275m (с 5m (d)90m (е) Jem a 

7(a) 4.5 cm (b) 2.25 cm (с) 1.13 mm (d) 9 ст (е) 22.5cm (f) 27с 


Scal 

1 175 m,438m 2 12cm, 19 km, 0.8 cm, 0.25 km, 048 ст — 3(a) 750 т 
(b) 35km (c) 100m (d) 20km 4 210 тт,9 5 10000, 1 x 10 
6 16р 7 844 ті 8 125000 9(а) 3mx225 т, 3.75 тх 3.75 т, 
(b) 25.3 cm? 


3mx1.5m 


Angle 3 o 

Ца) 240% (b) 36^ (c) 15° (d) 135° qu ee m m 

2(a) q = 137° (b) г= 148° 5 = 32° t=51° (с) и= 77 v= 8° e 
Gy dn 58° y de p= 122" 9 а 317° b= 49° c= м” д Im 
(c) 35° (4) 125° 4 15 кт 106°, 20 km 245°, 24 km 273 


Perimeter 
1154m 2(а) 38.5cm (b) l&ókm (с) 1770cm (38Е) 350m 
301.50 5 70cm 


4 28m, 


Circles 2 
1(а) 1040 mm, 85500 mm? (b) 546 m. 238 m. | 
(4) 0.0785 cm, 0.000 491 cm? (е) 9.42in, 70288 
9260 m?, 188m 5 9140 т°, 384m 6 11500m 


78.5 km, 491 km? 
(c) 266m 378m 4 400m, 


Area 2 m?, 10% 

la) 1200m? (b) 1000m? (с) 1200m? (d) 700m? (8) 20002 Гүй, 72cm? 
Ха) 689 fi? (b) 47 m^ (c) 19mm? (4) vm 91000 sqmile, 3.6; Col. 
(b) 412cm? (c) 484cm? (d) 300 5 Wy ^ o osa mile, 18 
104 000 sq mile, 21; Kan. 8000054 mile, 28; Neb. 


Р 10 m?, £525, £65 
p жай wv m? ()25m* (0 £112,022 шо, (310, £3.07, 
4а) 17m? (b) 47m? (с) 17 т, 2 trays, 3 tins £ 
80 


£2. 


Answers 174 
Volume 


3 
т 
1 131000? 2(4) 145ст? (b) 138000 mm? — 3(a) 385 cm? Da. 
() 60 4 38x 1075 m2, 12x 10-5 m? 3h 22 min 5(a) 55cm? ( )! 
28 sweets, 97cm? — 6(0) 8.18 m? (b) 81801, 201 т 7(a) Ag (51 m kte 
() 2mg 82501317 1, 38.51, 1931 9 18000 cubic tukits, 17000 cu 


Shape and Symmetry 
Ца) 6,6 (b 7,7 (с) 8,8 


s ° °, y = 61°, 

2а) x = 79°, y = 101° (b) x = 48°, y 5 
2—289 (с) х= 31°, y = 62°, z = 62°, isosceles triangle, trapezium, rhombu 
3(a) 120° (b) 60° (c) 135° (d) 150° 


Solids 


cm, lying inside circle, centre B, 
radius 3 cm 20cm 

Prove it Й 

(а) a= 90°, b = 58°, c = 58°, d = 8° (b) p = 42°, к=. хил гааг 

3 8cm 


Trigonometric Ratios o 
1 и= 46.5 cm, v = 479° w = 5.88 cm, x = 131 km, y = 136 km, z = 62.4 
2 172 mm, 4187, 48.29 3 34.3 cm, 553° 4 460 km, 746, 71.3° 
Two-dimensional Problems 


107 USF) 2695m "3 136m 4 218m 5 159 km, 159 km, 161 kph 
6 64.8 m, 48.8 m 7 4.91 m, 21.2° 8 6.65 m, 335m 

Three-dimensional 
1 7 ft 10 in, 120 sq ft 


(b) 19.8 cm (c) 60.5* 


Problems 
(а) 352m 
Ма) 38° 


(b) 497 т (с) 3245 3(а) 68.22 
) 


2 
(0) 26m (с) 55m 5(а) 168 т (5) 40m 
Making Waves 


1а) 


х|0|30 


9 
| [270 | 360 (9)| x |o |221|45 |67} 


4 
-2|1 »|4|61|81|6 


24|(a)5.5 ft (b) 12 noon 


b 1|25 


13 |(с) before 0736 and after 
1624 


08110 12] 14 
34 | 46 | 52 | so | 40| 28 


16 [18 | 20 | 2.2 |24 | 2.6 | 28 | 3.0 


18 ! 16 
(a) 52ст (b) 16cm (с) 185 oe 


22 | 34 | 46 | 52 | so | 40 | 28 | 18 
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Algeb 
цар —1 (b) 1 (05 (d) -5 (е) —10 (f) 6 (9) -4 n кр 

GU) -6 ( 9 (I) -2 (m) —18 (п) -3 (о -2 (р) du Los 
(b —11 (o) —1 (ауп (e —1 (7) 371 5а) 2% (b) А a 
4(а) 18x -- 11y (b) 17b—9a (с) 11aà?—5ab (4) 3m*-2mn 5(а 

(b) Q2x + 1)/15 


Factorisation ; Кз 

Ца) ҚЫН (b) 3(44:--2р4-р) (с) 2(r+3s) (d) граж GM 

(е) 5(а-252--4а2) (f) 14bc(4a—3b) 2(а) (х-7) (b) in D e ТЕ” 
(c) (2х+ 5) (x —8) (d) 2x—3) 2x3) 3(a) (x +3) (x+ 1 Dn 
(0) (х-3)х-4) (d) (x4-3)(x—5) (е) (2х +1) (саз Ed 

(9) Qx —3) (х+1) (h) (4àx—3) (x2) (i) Gx-2) 2х- 


What is a Function? 
ца) 7 бу 1 (© -5 (4) 15 (е) 5 2 2.7х, жене oes 
(b) (2.7x+1.8)7, -4 3а) —4 (b) 15} 4x--2 : 


i 5 У е d) 220 
D TET 
(e) 350 3(a) £25 (b) £25 (c) 240 (d) 285 (е) 432. 


Travel Graphs 0.5cm per min 

Ца) 30km/h (0) 102кт (с) 100km/h aa Khin (9 шіп 

00) Өшіел 20) 68. (b) jh (c) Sh 43min, (0) а) 28km 
(f) limin (а) 450km (b) 210km (с) 3000km ) 50km/h (d) 331 km/h 
GST) „4 80km, 6Okm/h а) 100km (b) $h 19 S 61200 (d) 2h 
7 130m 8(а) (i) 150km (ii) 200km (b) ih ын after Mary starts 

(е) 0) Sükm/h (i) 87km/h 9 fkm, Imin 1064) 275 

(b) 5 lengths (c) 4 


Plotting Functi oy 2 хална 
1(a) 0,95, 150, 225 (b) 225 litres o 9 ar 49 FORT 4 b) £26 
(6) х= 6.6 ог —06 (с) х= 1.35 3( 

5 С = 10:+15, £10 


Interpretin, Graphs К а graph ^ 
Ца) the first graph (b) the third graph OSA dj -lms' 
in, soak, pull plug, refill, soak, empty 37 800 m, 755, 225m 
4557", 3 572, 20 ms^!, 1 ms 7, 30 тв 5,0, * 


Ч t 
2 Fill, pause, gel 
Ё (с) 68m 


) -9 
5 i i = —16x1-24x-8 2(@ 

1) 70) 0 () 3 0) —48, fg(x) 7 — 4X", 8 0) 29 pa 2 0)» Ё бі 
ae Da i) ше d iiw not possible 5(а) ( ) 3, 
© 90-х) 4а) (х—2)/5 (b) 2/83. х7 


ТІГЕ 3141, 
[x E 1 І т] 10 | 13 
(0) x*+2x-3, x?-4x43 6 mp БАГ |, 


0) = (х 1)/3, reflection in у = х 


Answers 176 


Linear Functions 


oe 
Ua) т-1,с--3, (b m=}, с-23, () m= -3, deus quim 
с-5, ()т--4, c-7, 3()4 (b) —3 (0) -i (4) 3 (2,0) 
40) у«2х-7 ()у-5-х (с) у= —(x1) (d) 2у+х=0 5D y 4x =0 
0,5,-%, 13 6 AB 4y- x, BC y 17 ax, CD 4y = 17+х, AD y 


Linear Equations 


10) x-8 (b) х= —5 ()х-4 ()х--4 (е) х= (f) х=7 


(x= -2 2a) x=4 ()x-3 (0х-5 xcs (e x= 6 
U) x=10 (0) x=31 


За) х<5 (Б) х<9 ()х>-3 (4) х> 8 
(esa U)x«-i (gx« M (hy xc 43 5а)-% (b) x>4 
6 


2 


1x-7,33p 227-59 3 х= (у+7)/3 дау —16 (b 4 (c) 7 ms* 
т+47, 29, 46,76 Ta) 3 2x, 4—2x 
(b) 8—2x) (2x) (c) 14x 


-?" 840435 4 912тх18т 10(0 18xP 

(0) 24хр (е) 42x p, 33 

Simultaneous Equations 

Ца) х=36,у=17 (b) x=29 -21 q)x-22 

у-07 20) x=3,y=1 (уу - -2 (d) х= 1, 
mic ym 


y 

у= -3 (g9) x=2,y=5 (h) x=1, 
3x+2y = 10.5, £2.50, £1.50 4х=1,у=4ог 1 
5 х= —1ог$ 6а) х= 0, y 00гх=2,у 4 ( х= 2 


e's 
Torx= -2 ye 4 (4) x = 3.3, y = 2.3 or x = 4 
ог -2 


Quadratic Equations 

Ца) x =3 or —1 ()х-- lor –4 (d) xe8or1 (0 377 
pes 1,0 9o —7 (уул иц (фрхатог” 
ү pro Habet ао 2а) 68 ог12 (b) —57 or 


4(а) L2 —42 119 5 —0.85 
(4) 42 —02 424 -024 (e) 12 205059341 (c) 24 —09 235 


= —lor5 6х=10г –7 (b x= 


-419 (b 06349. 


(e) x 2 4or –} 


Linear Inequalities 

Ца) -1<х<3 (b -2<x<-1 rig 
()-1<х<0ог1<х<2о0г3<х (а) -1,0,1 (5) 1,23 (с) —4 Y: 
—2 (4) 1 аа) (2,1) (3, 1) (4, 1) (2,2) (3,2) 4,2) (b) (1,1) (2,1) (1,2) (00 
(2, 3) (2, 4) (3, 3) (3,4) (4,4) (d) (3, 5) (4, 4) (4, 5) (e) (1,0) (0, 1) (1, 1) (1.2) 40 
5 x+y <7 15x+ 10y < 90, x 22, y > 2, (4, 3), £43 а) £1 (b) £1.70 7 
white, 80 brown 


*<3 (с) х<0огі<х 
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Collecting and Sorting Data 81 - 
үлы ЫЖ ТАЛА ИТЕЛІ. 
3 67ст (25Е) 4 12,65 512 .» 

(5) 0.64 


225 (5) 1550 
KE Ca aor ДІ а ЧЫП rn T 32 а нб 22; 
(c) 260 (25Е) (d) £14800 (2SF) (e) Xmas is near 7: 

75р 


ісіогі; і : is (b) Turnover 
es т chase (с) 14343 2(a) No scale on кодоо e PAR in 
тау not increase at the same rate 3 6400, p (b) 82cm — 6(a) 31.7 cm 
make tiny sales increase look dramatic 5(а) 11 kg 3lin (5) 79 ст, long 
(b) 33.8cm (с) 9.4 kg, outside range of data — 7(a) 


F) 3(a) £6500 
NN 203100 (01 102 0 а the modal salary is 
(b) £7250 (c) £10800 (3SF), although шыны £ 

£6500 and half the workforce earn £ 


i ) 4 (b) т 

aking a Chance bi 5H 6 4 7(4 (аў 2 
аба) } (b) w% n 

AA 5 9 47 ind TTH THT HTT, 3 31 5 


0) 5 ()i 121, 8 


" 3 (bM 
тез ТЕЛІ! нү 


à bè 
(6) i 6а) 1 (bits 74 12 8H 90$ 
(ii) 45 


jd 5(а) 40 
en 4 (b) (i) i 


=, Y 

Enlarge it b) rotate 180° about midpoint of X 
3 late AY (b) го! 

2(с) t lat 3(a) transla! 

(c) translate ð 


(c) Enlarge, centre A,SF 2 4 3, (3,5) 


Translation, Reflection, Rotation 


nslate 
4 reflect in AC, rotate 180° about B, tra 


(6) (5,0) (3, —2) (2,-1) 


() s(a) (5.0) (2) (8.1) 
0 


T 
Combined Transformations 3(e) 


" is 
бү (ну Reflect in x ax! 
@ жый 
1 reflect in y — Q9 — 2(b) (i) Translate () сі @y=2 © 


=0 (09У = 
U)S (дут (рт aa y=! (0 х 
О) хе 1 


Answers 178 
Vectors 
ШӘ) = 0:—» (jxeyti-w (0) еу 20)6 (Ма 0 


та (с sia-b (a—2b)/3, 2:1 ба) () () () Là) (1) 


» () (2) () ©) 48 с, EF b а с GH CD Т) 801, 
5 -10 

6 0 -4 -4 8 7 

b »( ) 

o ($) © (,1) о (3) (4) 0(-2) 9@ (1) e Cs 
-4 2 -6 28 d 5 

ө(2) 2) (8) о ( m v (io) @) 64 100) Ё | 

bi; <6 бү 2 6 

(b) ( ) по ( 5) (9 o( 5 


1 24 à 
13 -4 -3, -5 («s 9 A» 3 
5 -6 10/414 13 
эр 2 - 3 -3 3 -8 8 
зо ( 0 A] e( 0 “al o( 3 Ч Ф( ) 
0 


4Р-1,4--5 5( 2x3, 2x3 (b) 3хл, 2х7, 


зв о 23 369 
= “3 2% 2).p- Э 1 sp = мо) £2.09, Kevin, 884 
5 Fd шу : 335 
9 
Total 60 25 2 0 12 
Otal amount Spent £8.84 7 (70 0 0 ») 10 1150 kg, 1110 kg; 
0 30 10 25 2 
0 0 9 
615kg sa ( ) e( з 8 - 28 
9 0 -8 2s o( 8 a) 
Route Matrices 


4 


022 6 

ТЕ 0 ) i (: 

1114 3 

11 i 

в(! J (b) ( 
0 1 


Matrix Transformations 


2(а) 90° rotate about (0, 0) (b) — 992 " tre (0, 0), 
SF2 (d) Reflect in е i pi ate about (0,0) (с) Enlarge, cen 


аг, on! 
o — j dh Е 0 Ве, centre (0, 0,5Е-3 
3(a) (3 0 ks (c) 


0 5 3 -4 -1) 
—7, 24), (0, 
9 E )« js ә 


Enlarge centre (0, 0) SFS. Rotate 53° abou (0, 0), &( - 3 
-4 


з), 4 2 (b) Yes () BG мМ- 1-5 


1 11092 
ү ( 44. > 2 4 |. Enid, 2. шит” 
dE all rest equal 


-o шоо ы 


4 
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